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Abstract 



Introduction 

This thesis is devoted to the description and characterisation of afSne maps between 
enlarged Bruhat-Tits buildings of certain reductive groups over non- Archimedean 
local fields. More precisely wc consider subgroups of classical groups which arise as 
the centraliser of a rational Lie algebra element which generate a semisimple algebra 
over the base field, and we study afRne embeddings of the corresponding Bruhat-Tits 
buildings. Our approach is based on the fact that the building can be described in 
terms of lattice functions. 

In part two we consider unit groups of local central simple algebras or in other 
words general linear groups with coeffitients in a local division algebra under no 
assumption on the characteristic. Here we use the affine embeddings of Bruhat- 
Tits buildings of centraliser subgroups in order to recover the embedding data from 
the work of Broussous and Grabitz. Embedding data play an important role in 
the construction of simple types. It is to underline the usefulness of such affine 
embeddings and that we may expect further results in the future. 

Part 1 

For the construction of types for p-adic unitary groups S. Stevens applied a result of 
his paper with P. Broussous [BS09]. He used a map between the enlarged buildings 
of a centraliser and the group to apply an induction. The important property of this 
map is the compatibility with the Lie algebra filtrations (CLF) which correspond 
to the Moy-Prasad filtrations [MP94]. In that paper the quaternion algebra case 
is missing and the authors proposed a uniqueness and generalization conjecture to 
the reader. Functoriality questions for affine maps between Bruhat-Tits buildings 
have been studied before. One work to mention is Landvogt's paper [LanOO] and the 
paper of P. Broussous with B.Lcmaire [BL02] and with S.Stevens [BS09] which I am 
going to explain in more detail below. For example E. Landvogt already proved in 
[LanOO, 2.1.1.] that for an inclusion _ff C G of connected reductive i^T-groups there 
is toral and H{L)- and Gal(L|iir)-equivariant map from the enlarged Bruhat-Tits 
building of H{L) into that of G{L) such that after a normalisation of the metric 
of the latter building the map is isomctrical. In his work he assumed L\K to be a 
quasi-local extension. 

We consider a p-adic field fco of residue characteristic not two, a fco-form G := 
U(/i) of GL„, Sp„, or 0„ where his a, signed hermitian form, a Lie algebra element 
13 e Lie(G)(fco) such that fco[/3] is semisimple and its centraliser H := \J{h)p. P. 
Broussous and S.Stevens give a model in terms of lattice functions for the enlarged 
Bruhat-Tits building ^^(H./so) if d is separable. This model leads them to the 
definition of ^^(H, fco) if /3 is not separable. We embed ^^(H, fco) into 93^(G, fco) by 
an affine, H(fco)-equivariant CLF-map j. In [BL02] such a map was fully studied in 
the other case of GL„(_D) instead of U(/i) and in [BS09] the authors considered the 
case where the image of /i is a field and fco has an odd residual characteristic. In 
the latter paper the authors showed that if /3 is non-zero and generates a field then 
the CLF-property determines j. In this thesis we consider the general case, more 
precisely we include the quaternion algebra case and we analyse uniqueness without 



5 



Contents 



any further restriction on /3. The group H decomposes under j3 into classical groups 
Hj . We construct the map j such that it has the above properties, see theorem 
3.26, and we prove at first in theorem 4.9 that there is no other CLF-map from 
58^(H, ko) to ^^(G, fco) if the groups H, are unitary, i.e. of the form U(/ii), and not 
fco-isomorphic to the isotropic O2 . Secondly we show that in general a Z(H°(fco))- 
equivariant, affinc CLF-map from Sd^(ll,ko) to ^^{G,ko) has to be unique up to a 
translation of the building SS^(H, fco)) sec 4.24. A stunmary of the theorems of part 
one is given in chapter 6. For the buildings we use the model with lattice functions 
which arc introduced in [BL02] and [BS09]. 

The aim of chapter 1 is to give the exact definition of GLd{V) and U{h). We 
also repeat the notion of a signed hermitian form and a Witt decomposition. 

Chapter 2 relics heavily on results which are summarised in the appendix. The 
second aim of this work is to give a complete definition of the Bruhat-Tits building for 
GLd{V) over a p-adic field and for XJ(h) over a p-adic field of residue characteristic 
not two. The way of construction is taken from the articles of Bruhat and Tits. We 
give th(^ definition of several kinds of lattice functions and shortly introduce the Lie 
algebra filtrations. 

For the next two chapters we fix a separable Lie algebra element until section 4.5. 

In chapter 3 the section 3.1 is devoted to the definition of the CLF-property. After 
recalling results of [BL02] we prove the existence of a CLF-map in the case of U(/i). 
The proof of the torality of the constructed map is given in chapter 5. 

Chapter 4 provides the proof of the uniqueness results stated above and in section 
4.6 we show how the preceding results of chapter 3 and 4 generalise to the case of a 
non-separable Lie algebra element. 

Part 2 

In the whole part 2 we consider a finite dimensional skewfield D with centre a 

p-adic field F. Embedding types were introduced in the paper of Broussous and 
Grabitz [BGOO]. They considered one step on the way to construct the smooth 
dual of G := GLm{D) using Bushnell and Kutzko's strategy [BK93] for GL„(F). 
The aim is to produce a list of possible candidates for simple types, i.e. a list of 
pairs (J, A) consisting of a compact mod center subgroup J and a smooth irreducible 
representation of J with two properties. The second property states that if two paires 
are contained in the same irreducible representation of G then they are conjugate 
under the action of G. The idea is to construct the list of (J, A) by an inductive 
procedure using simple strata. A simple stratum is a quadruple [a, n, q, 0] , especially 
consisting of a hereditary order a normalised by an element /3 oi A := Mm{D) which 
generates a field E. To prove the second property above they needed a rigidity for 
simple strata relying on a description of the way E\F is embedded in A. This was 
done by introducing numerical invariants. 

Let EdIF be the maximal unramified subextension oi E\F which can be embedded 
in D. In part 2 we show how to obtain the embedding type of {E, a) if one applies 

Je^ ■■ ^iGLUD),Ff^^?£>iZG-L^^D){ED),ED) 

on the barycenter Mq of a (see 11.3). The inverse of Jed is the unique CLF-map from 
the latter building into SS(GLto(£)), F). The map was constructed and analysed by 
Broussous and Lemaire in [BL02]. 
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In chapter 8 we recall the definition of embedding type and we introduce the easy 
numerical tools which enables us to decode the embedding type from y :— je^ {Ma). 

The aim of chapter 9 is to describe the simplicial structure of SS(GLto(D),F) in 
terms of lattice chains as it has been done in [BL02] . 

In chapter 10 we state the connection between the oriented bary centric coordinates 
of y, i.e. the so called local typo of y, and the embedding type of {E,a). 

At the end of the whole introduction I want to thank P. Broussous and Prof. 
Zink for giving me the first and the second topic respectively and for the whole and 
patient support. Broussous mainly gave me the hint to use roots for proving lemma 
4.12 and he helpfully pointed out mistakes and proofread my notes several times. 
Prof. Zink proofread the second part and introduced me into its background. I 
thank S. Stevens for stimulating discussions about or around the topic in Norwich. 
At the end I thank the DFG for supporting my doctorial between January 2006 and 
December 2008. 

General notation 

1. All rings we consider in this thesis are unital. 

2. The set of natural numbers starts with 1 and the set of the first r natural 

numbers is denoted by N^. For the set of non-negative integers we use the 
symbol No and the set of its first r + 1 elements is writen as Nq. 

3. If fc is a non- Archimedean local field with valuation v we denote by 

• Ok the valuation ring of fc, 

• the valuation ideal of k and by 

• Kfe the residue field of k. 

4. For an arbitrary field we fix an algebraic closure k and the maximal insep- 
arable (resp. separable) field extension of A; in fc is denoted by fc'***^^ (resp. 

5. If we have fixed a local field (fc, v) we also write v for the unique extension 
oi V to D for any finite dimensional skewfield extension D\k. We also use 
the notation od,'Pd '*-D- We write e{D\k) for the ramification index and 

f{D\k) for the inertia degree. 

6. The symbol Z(7V) denotes the center of TV and we write 7jm{M) for the cen- 
traliser of M in A/' for a set A'' with multiplication and a subset M of N. 

7. The m X m identity matrix is denoted by 



7 



Part I. 

Canonical maps, buildings and 
centralisers 



9 



Contents 

We fix a field k. We have the following conventions on k. 

• In section 1.1.2 and 1.2 the characteristic of k is not two. 

• In this part from chapter 2 on we assume A; to be a non-Archimedian local field 
with discrete valuation v. 

• In this part from section 2.3 on we further assume k to have residue characteristic 
not two. 
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1.1. Algebraic preliminaries 

1.1.1. Semisimple algebras 

In this subsection we do not need any restriction on the characteristic ol k. A finite 
dimensional A;-algebra A is simple if there is no ideal of A which is different from {0} 
and A, and it is semisimple if A has no nilpotent ideal except the zero-ideal. 

Theorem 1.1 (Wedderburn) If A is a finite dimensional semisimple k-algebra there is 
a unique natural number m and an m-tuple 

of pairs 

Pi = {[Di],ni) 

consisting of a k-algebra isomorphism class of a skewfield and a natural number Ui 
such that there is a k-algebra isomorphism 

m 

A=nMn,(A). 

i=l 

Up to permutation the m-tuple (pi, . . . ,Pm) is uniquely determined by A. 

Remark 1.2 1. If ^ in the theorem is commutative it is fc-isomorphic to a product 
of fields. 

2. A finite dimensional simple fe-algebra is fc-isomorphic to a matrix ring, because A 
is unital by our general notation. 

Definition 1.3 A finite dimensional /c-algebra is separable if for every field extension 
L\k the L-algebra A ®fc L is semisimple. 

Remark 1.4 A commutative finite dimensional /c-algcbra is separable if and only if it 
is fe-isomorphic to a product of separable extension fields of k. 

Definition 1.5 An element /? of a finite dimensional A;-algebra A is separable if the 
/c-algebra is separable. 

Definition 1.6 A triple {A, V, D) consisting of: 
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• a skewfield D which is a finite dimensional A;-algebra 

• a finite dimensional right D-vector space V 

• and A := Endc(F) 

is called a simple k-datum. Such a datum is central if the center of D is k. If we want 
to emphasize m := dim^F and d := dcg{D) then we write {A,V,m, D,d) instead of 
{A, V, D) and if in addition we need a maximal Galois extension L oi k in D wc write 
{A, V, m, D, d, L\k). A simple datum is local if is a non- Archimedean local field. 

1.1.2. Algebras with involution 

For references we recommand the books [Knu98], 
[KMRT98] and [Sch85]. We assume char(A;) / 2. 
An involution of a ring is an antimultiplicative ring automorphism of order 1 or 2. 

Notation 1.7 1. If a is an involution on the ring R, we introduce the following 
standard notation. 

Sym(i?, a) := {r e R \ a{r) = r} 

Skew(i?, a):={reR\ a{r) = -r} 
for the set of symmetric and the set of skewsymmetric elements of R. 

2. For a semisimple finite dimensional A;-algebra A with involution a we denote by 

U((7) := {aeA^^l a{a)a = l} 

the unitary group of (^4, a) and by 

SU(cj) := {a G U(c7)| Nrd(a) = 1} 

the special unitary group of (A, a). 
The symbol Nrd denotes the reduced norm of A over k. 

Definition 1.8 Let ^4 be a simple central finite dimensional fc-algebra. An involution a 
of A is of the first kind if it fixes every element of Z(A) and of the second kind otherwise. 
We call an involution of the first kind on A orthogonal if 

dimj. Sym(^, a) > dim^ Skew(A, a) 
and symplectic otherwise. An involution of the second kind is also called unitary. 
Remark 1.9 For a symplectic involution on A we have 

dimfc Sym(^, a) < dim^ Skew(A, a) 
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and for a unitary involution we get an equality. 

Assumption 1.10 For this section we fix a central simple k-datum {A,V,m, D,d). We 
assume that there is an involution p on D. 

One way to obtain an involution on A is to take the adjoint involution of an e-hermitian 
form. 

Definition 1.11 Fix an e which is 1 or —1. An e-hermitian form on F is a biadditive 
map h from V x V to D such that 

1. h{v,w) = ep{h{w,v)) for all v,w gV and 

2. h is sesquilinear in the first coordinate and linear in the second coordinate, i.e. 

h{wdi,vd2) = p{di)h(w,v)d2, 

and 

3. it is non-degenerate. 

The pair (V, h) is called an e-hermitian space. An e-hermitian form hi and a (5-hermitian 
form /i2 are equivalent if there is an element b & such that bhi = /i2. An involution 
a of EndD{V) is called the adjoint involution of h, and it is denoted by a^, if for every 
a G End£)(F) and for every v,w E V we have 

h{a{v),w) = h{v,a{a){w)). 

If we do not want to state the e of an e-hermitian form we write signed hcrmitian 
form. There is a general notion of quadratic forms given in [Sch85, 7.3.3] which includes 
the notion of signed hermitian forms for the case of characteristic different from 2. 

Proposition 1.12 There is a bijection from the set of equivalence classes of signed 
hermitian forms to the set of involutions o/End£)(y) whose restriction to Z(D) is p. 

For a given signed hermitian form h we have the map 

h : V^V*, h{v){w) := h{v,w), 

where V* is the dual vector space of V. It is an isomorphism of D-left vector spaces 
where D acts on V on the left via dv := vp{d). 

Proof: Equivalent signed hcrmitian forms have the same adjoint involution. To 
prove the injectivity assume = a^^ and we call this involution cr. It implies that 
V' := ^2 ^ ° ^1 is ™ center of End£)(F), because for a G End£)(^) and v,w we 
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have 

h2{'ipia{v)),w) = hi{a{v),w) 

= hi{v,a{a){w)) 
= h2{^p{v),a{a){w)) 
= h2{a{ip{v)),w). 

Thus hi and /12 are equivalent. If one chooses a D-basis (vi) of V the map 

is a hermitian form whose adjoint involution cr(e.) equals to p on Z{D). We identify A with 
Mto(Z)) and we have a(^g.^{C) = p{C)^ where p{C) is meant to be the matrix obtained 
after applying p to every entry of C. The surjectivity is now given by the Skolem-Noether 
theorem, more precisely: we take an involution a whose restriction to Z(D) is p. By the 
Skolem-Noether theorem there is a i? G GLm{D) which satisfies 

(7(C) = Bp{CfB-^ 

for all matrices C. By cr^ = id we get that there is a A G Z(D) such that Bp{B~^)^ = Al^ 
and p{\)\ is 1 by a^^,^ = id . 

Case 1: If p fixes A, the matrix B"^ is a Gram matrix of a A-hermitian form with 

adjoint involution a. 

Case 2: If A is not a fixed point of p, Hilbert's 90th theorem [Ker90, 12.3] implies the 
existence of an element a G Z{D)^ such that 

ap{pL)~^ = A. 

Thus aB~^ is the Gram matrix of a 1-hermitian form whose adjoint involution is a. 
q.e.d. 

To study groups U(cr) we need Witt's theorem. 

Definition 1.13 An r x r-matrix M is antidiagonal if all entries rriij with i + j 7^ r + 1 
are zero. We denote an antidiagonal matrix M by 

antidiag(mr,i, 777,^-1,2, ■ ■ ■ , wii,r)- 

The following theorem uses char(A;) 7^ 2. 

Theorem 1.14 (Witt) [Sch85, 7.9.2 (in)] Let h be an e-hermitian form of V. Then 
there is a basis (vi) ofV such that the Gram matrix Gram(^.)(^) of h over (vi) has the 
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form 

/ M \ 

eM (1.1) 
^0 B J 

such that M = antidiag(l, . . . , 1) and that the e-hermitian form corresponding to B is 
anisotropic. 

Definition 1.15 Under the assumptions of the theorem the size r of M does not depend 
on the basis (vi). We call r the Witt index of h. 

Definition 1.16 Let r be the Witt index of a signed hermitian form h. A set of 1- 

dimcnsional vector subspaces 

{Vi,V^l,V2,V-.2,...Vr,V-r} 

together with an anistropic D-subvector space Vq of F such that 

i 

is called a Witt decomposition of h if for all 

i,j e {1,-1,2,-2,..., r,-r} 

we have 

1. h{Vi,Vj) = if i / -j and 

2. h{Vi,Vo) = 0. 

Definition 1.17 If p is the identity of D, implying D equals k, then a 1-hermitian form 
is called symmetric bilinear form and a —1-hermitian form is said to be a skew symmetric 
bilinear form. 

Theorem 1.18 [Sch85, 7.6.3] If we exclude the skew symmetric case from the assump- 
tions of the last theorem, i.e. the case where e = — 1 and p = ido, the vector space V 
has an orthogonal basis. 

Definition 1.19 A D-basis of V such that the Gram matrix of an e-hermitian form h 
is of the form in theorem 1.14 such that the matrix B is diagonal is called a Witt basis 
ofh. 

Corollary 1.20 Under the assumptions of theorem 1.14 for every Witt decomposition 
of h there is a Witt basis of h such that the isotropic vectors of the basis span the 
isotropic lines and the other vectors together span the anisotropic vector space. 
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Notation 1.21 We set 



U(^) := U{ah) and SU(/i) := S\J{ah) 



if h is an e-hermitian form on V. 



Definition 1.22 A hermitian k-datum is a tuple 



{{A,V,D),p,ko,h,e,a) 



• {A, y, D) is a central simple fc-datum, 

• ;9 is an involution of D whose set of central fixed points is k^, 

• /i is an e-hermitian form on V with adjoint involution a. 

A hermitian datum is local if A; is a non- Archimedean local field and p is continuous 
under the valuation of k. In this case kQ is local too. We write {k, i')-datum instead of 
/s-datum to emphasize the valuation u on k. 

1.2. Forms of classical groups 

A good introduction in the theory of classical groups can be found in [PR94]. We only 
consider char(A;) 7^ 2. Let us fix a natural number n. 

Notation 1.23 A" denotes the afHne space of dimension n. The groups GL„ (resp. 
SL„) are the general linear group (resp. the special linear group). All are considered as 
affine algebraic group schemes defined over the prime field of k. 

Definition 1.24 We consider the transposition ()-^ on GL„(A:). We denote by 0„ the 
orthogonal group, i.e the subscheme of GL„ which is defined by the equation g = 1, 
and by Sp2„ the symplectic group, i.e. the subscheme of GL2n given by the equation 



and M := antidiag(l, . . . , 1). The special orthogonal group SO^ is the intersection of 0„ 
with SL„ . 

In this section we use the notion of a A;-form and therefore we give a general definition 
here. 



g'^Jg = J, 



where J is 




(1.2) 
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Definition 1.25 An algebraic group defined over k is called a k-group. Two /c-groups 
are k-isomorphic to each other if there is an isomorphism of algebraic groups defined 
over k between them. Let L\k be a field extension in k\k and let G be an L-group. 
A /c-group H is a /c-form of G if and G arc /^-isomorphic. A A;-form of G is an 
L|/c-form of G if G and H are L-isomorphic to each other. 

Convention 1.26 Instead of "isomorphic as algebraic groups" we only write "isomor- 
phic". 

Definition 1.27 A classical group in the strict sense is an algebraic group which is 
^-isomorphic to SL„(^), SOn{k) or Sp2„(fc). 

Proposition 1.28 Let V he an n-dimensional k-vector space equipped with a non-dege- 
nerate symmetric or alternate bilinear form h. We assume that V has a k-structure 14, 
i.e. Vk<Sik k = V, and that 

for an involution u o/Endfe(Vfc) of the first kind. Then the following holds. 

1. If h is alternate then the group U(/i) equals SU(/i) and is a k\k-form ofSpj^{k). 

2. If h is symmetric then the group SU(/i) (resp. U(/i)j is a k^^^\k-form o/SO„(fc) 
(resp. On(k)). 

Remark 1.29 The set End^(y) is made to an affine space defined over k in taking a 
A;-basis of Endjfc(Vfe) and introducing coordinates, i.e. we have 

Endfe(F) ^ A''\k) 

— 2 — 

Every A;-linear isomorphism of Endfc(Vjk) induces a fc-linear isomorphism of A" {k) de- 
fined over k. The composition of maps in Endj^(F) coinsides with a fc-morphism 

A"'(fc) X A"'(fc)^A"'(fe) 

2 — — 

and (A"' (A:), 0) is /c~isomorphic to (Mn{k)^ o). We identify the groups V(h) and SU(/i) of 

2 — 

the proposition with the corresponding subsets of A" (fc). The assertions of the propo- 
sition are valid for any choice of the basis of Endfc(Vfc). 

Proof: (of proposition 1.28) By proposition 1.12 there is a A G A; such that Xh maps 
Vk X Vk to k. Without loss of generality we assume that A is one. 

1. By theorem 1.14 there is a A;-basis of Vk such that the Gram matrix G of /i is J 
from definition 1.24. Thus all elements of U(/i) have determinant 1 and there is a 

2 ~ ~ ~ 

fc-isomorphism from A" (k) to M„(A;) which maps U(/i) onto Sp^{k). Thus U(/t) 
and SU(^) equal and are A;|/c-forms of Sp„(fc). 
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2. By theorem 1.18 there is an orthogonal basis of with respect to h\vf.xVkJ i-^- the 
corresponding Gram matrix G of /i is diagonal and has entries in k. It implies that 

2 — — 

there is a ^-isomorphism from A" (k) to M„(A;) which maps U(/i) (resp. SU(/i)) 
to \]{h) (resp. SU(^)) where 

is a bilinear form whose Gram matrix under the standard basis of /c" is G. The 
characteristic of k is not 2 and thus the roots of the diagonal elements of G are 
separable over A;, i.e. there is a diagonal matrix X in M.n{k^^P) such that XX = G. 
The inner fc-algebra automorphism Inn(X) maps U(^) (resp. SU(/i)) onto 0„(fc) 
(resp. SO„(A;)). This map is a A:*'^*'-isomorphism. 0„ and SO„ are defined over the 
prime field and therefore defined over k'^^^. Thus U(/i) and SU(/i) are defined over 
^sep Both groups are A;-closed too, and since k^^'P\k is a separable field extension 
they are defined over k. 

q.e.d. 

Assumption 1.30 We fix a central simple k-datum {A,V,m,D,d,L\k) and we assume 
L to be a subfield k. 

We now give forms of SL„(fe), SO„(fc) and Sp„(fc). We also write GLd{V) for AutD{V) 
and SLd{V) for the set of elements of End£)(F) with reduced norm one. 

Proposition 1.31 The group GLuiV) (resp. SLoiV)) is the set of k-rational points of 
an L\k-form of Ghrmdik) (resp. Sh^(i{k)) denoted by Ghjj^V) (resp. ShoiV)). 

Proof: We fix a /c-basis of End£i{V) to introduce coordinates. We identify the 
tensor product End/)(F) 0^ k with A™'^'^^(A;), i.e. the set of fc-rational points of A™^*^^ 
is identified with EndniV). EndniV) ®fe k is L- isomorphic to Mmdik) as a fc-algebra, 
because L is a splitting field of D. The reduced norm corresponds to the determinant 
on Mmd{k) and thus there is an L-isomorphism from A"* '^^(k) to M^ndik) x k which 
maps 

GLd{V) := {ig,y) G (Endz?(F) k) x k\ NTd{g)y = 1} 
onto GL^(^(/c) and 

SLd{V) := {g G GLd V\ Nrd(5) = 1} 

onto SJjmdik). 

The reduced norm is a homogeneous polynomial in k[Xi, . . . ,X(^^d)^] and therefore 
GL£)(F) and Sh^iV) are /c-closed. Glj^d and SL„j(^ are defined over the prime field and 
therefore defined over L. Thus GJjoiV) and SL/)(y) are defined over L. The separability 
of L|A; implies that both groups are defined over k. q.e.d. 

Remark 1.32 If F is an intermediate field between k and k then the set of F-rational 
points of GL£,(F) is given by (End£)(F) (g)^ F)^ . 
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1.2. Forms of classical groups 

Assumption 1.33 We now extend our assumption and fix a hermitian k-datum 

{{A, y, m, D, d, L\k), p, ko,h, e, a). 

Proposition 1.34 [PR94, 2.15] There is an algebraic group U(/i) (resp. S\J{h)) which 
is 

1. an L\k-form of Spj^^{k) if a is symplectic, 

2. a k^^P\k-form of Omdih) (f^sp. SO„d(fc)j if a is orthogonal and 

3. an L\ko-form o/GL^d(fc) (resp. Sh^ndik)) if o' is unitary 
such that its set of k -rational points is U(/i) (resp. S\J{h)). 

Definition 1.35 We also denote U(/i) and SU(/i) by U((7/j) and SU((T/i) respectively. 

For the orthogonal and the unitary case in the proposition we needed that the char- 
acteristic of k is different from two. In the unitary case k\kQ has degree two. 
Proof: At first we assume that a is of the first kind and we define 

V{h) := {geGLoVl g^'^^'^'''^ g = 1} 

and 

SU(^) :={5GU(/i)| Nrd(5) = l}. 

The assertions (1) and (2) follow now from proposition 1.28, because End£)(y) <8)fe k is 
L-isomorphic to Mmd{k). 

At second we assume that a is of the second kind. Here we use the notion of the 
Weil-restriction, see appendix chapter A. We have 

ReSfe|feo(Endi3(F) ®fe k) = EndoiV) ®ko k 

and a commutative diagram 

EndD(l^) <S)ko k = (EndD(l^) <S)k k) x (EndD(l^) ®fc k)P 

U U 
ReSfe|fc„(Ai)(^) ^ A\k)xA\k) 

where the A;-isomorphism on the top is induced by 

A (8)fco A* G (g)feo fc (A//, p{X)n). 

We now explain (End£)(F) (g)jfc k)P. Under the choice of a fc-basis in End£)(F) the com- 
position of endomorphisms is given by a morphism 
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defined over k. The multiplication on (End£)(y) (g)^. k)^ is given by (p^. The involution 
a id defines an involution a on the right side of the diagram which permutes the 
coordinates ofkxk. Thus there is an L-isomorphism from (End£)(F)(8)fefc) x {EndD{V)'S>k 
ky to M^ci(^) X ^md(k) such that the involution a corresponds to the involution 

a' ■.{B^,B2)^{Bl,Bl). 

The group U((t') is a A;|fc-form of Ghmd and thus 

V{h) := {g G Res,|fe„(GLz,y)| g^^'^l^oi-^'^^'^) g = 1} 

is an L|A;o-form of Gh £)(¥). The Weil-restriction of the reduced norm from k to ko 
corresponds to det x det on M^ndik) x Mj^dik) and we conclude that under 

V{h) = GLmd 

the group 

S\J{h) := {g G U{h)\ ReSfe|fc„(Nrd)(5) = 1} 
is mapped onto Slij^dik)- The groups fulfill 

V{h){ko) = JJ{h) and SV{h){ko) = SU(/i) 

by definition, q.e.d. 

Remark 1.36 For a version of a converse of this theorem see [KMRT98, 26.9, 26.12, 
26.14, 26.15]. 

Later we only consider non- Archimedean local fields and there we have the following 
restricted possibility for the involution. 

Theorem 1.37 [Sch85, 10.2.2] If k is a non- Archimedean local field and p is an invo- 
lution of D then if p is of the second kind we have D = k and if p is of the first kind, 
the degree of D is not bigger than two. 
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2. Bruhat-Tits building of a Classical group 

For an introduction to the theory of buildings, I recommand [AB08] or the previous 
version [Bro89]. 

Assumption 2.1 In this chapter we fix a local simple k-datum 

{A,V,m,D,d,L\k), 

especially we assume that k is a non- Archimedean local field with valuation u. The unique 
extension of v to a finite dimesional skewfield over k is also denoted by v. We denote 
GL£)(F) by G and its set of k -rational points by G, i.e. G := GL]:){V). 

2.1. Norms and lattice functions 

This is a coUection of definitions and results of [BL02] and [BT84b] . 
2.1.1. First definitions 

Definition 2.2 A D-norm on F is a map a : F— >M U {oo} such that for alH G D and 

v,v' eV we have 

1. a{v) = oo =^ V = 0, 

2. a{tv) = a{v) + z/(i) and 

3. a{v + v') > imn{a{v), a{v')). 

The set of D-norms on V is denoted by Norm^, {V) . 

Given a norm the family of balls around is a decreasing function of lattices. We 
recall the definition below. 

Definition 2.3 A finitely generated OD-submodule F of F is called a (full) oo-lattice 
of V if span^(F) = V. We denote by Latt(y, od) the set of all full o^-lattices of V. 

Definition 2.4 [BL02, 2.1] A map A : R— ^ Latt(y, 0£)) is called an oo-lattice function, 
if for all reals r and s with r < s we have 

1. A(r + z/(7r£))) equals A(r)7ri3, 

2. A(r) contains A(s) and 
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2. Bruhat-Tits building of a Classical group 

3. the lattice A(r) is the intersection of the A(r — e) where e runs over all positive real 
numbers, i.e. A is left continuous, when Latt{V,OD) is endowed with the discrete 
topology. 

The set of oo-lattice functions is denoted by Latto^(y). For A G Latto^(y) the number 
of elements in A([0, i/(7r£))[) is the (simplicial) rank of A. 

Remark 2.5 [BL02, 1.2.4] The map with 

Aa(r) := {x e V\ a{x) > r] 

is a G-set isomorphism from Norm^(y) to Latto^(F) with actions 

g.a := a o ^"^ and {g.h.){r) := g{A{r)). 

In certain proofs it is useful to reduce the m-dimensional case to lower dimensional 
cases. This is done with the concept of a splitting vector space decomposition. 

Definition 2.6 [BT84b, 1.4] A family {V^, . . . ,V^) of D-vector subspaces is a splitting 
decomposition ofV for a G Norm£,(y), if 

» V = ®iV' and 

• for all (ui) € n we have 

"(Xl^j) = minQ;(i;j). 
A family (V^) is a splitting decomposition of V for an o^-lattice function A on V if 

A(t) = ei(A(t) n V') 

holds for all t. We also say that the norm or the lattice function is split by (F*)^. If all 
are one dimensional and (bj) G Hi is a D-basis of V we call it a splitting basis for 
norms and lattice functions which are split by {V^)- 

Definition 2.7 [BT84b, 1.11 (17)] The dual of a is the OD-norm a* on 

V* := RoinD{V,D) 

defined by 

a* if) := infMfiv)) - a{v)\ veV\ {0}}. 



Proposition 2.8 [BT84b, 1.11 (18), 1.26] 

1. The dual basis of a splitting basis {vi)i of a is a splitting basis of a* and the equation 
a*{v*) = —Vi holds. 
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2.1. Norms and lattice functions 

2. Any two OD-norms on V have a common splitting basis. 
The following definition generalises the definition [BT72, 1.1.1]. 

Definition 2.9 (Affine structure) An affine structure on a set S is a function 

a:SxSx[0, 1]^S. 

We write 

ts + {l- t)s' := a{s,s',t). 

Definition 2.10 For a real number x we denote by [x]+ the smallest integer which is 
not smaller than x. 

Remark 2.11 We have an affine structure on Latto^(F). If A and A' are two elements 
of Latto^(y) with a common splitting basis (vi), i.e. there are m-tupels (aj) and of 
real numbers such that 

i 

and 

A'{x) = ^np^t''^'^\ 



then for A € [0, 1] we define a new element of L&ttl^(y) by 
(AA + (l-A)A')(x) :=0t;.pg 



OD ^ 

[{x-\ai-(l-\)l3i)d] + 



This definition does not depend on the choice of the basis (vi). 

Remark 2.12 Let V be another finite dimensional right D-vectov space. The map 

Latt^^ (V) X Latt^^ (V)^ Latt^^ (V V) 

given by 

(A,A') ^ A® A' 

with 

(A©A')(t) := A{t)®A'{t) 
is affine and G x GL£)(y)-equivariant. 

Definition 2.13 The lattice function A © A' is called the direct sum of A and A' 

Remark 2.14 Under a i-)- Aq the affine structure of Latto^(F) defines the following 
affine structure on l>loim.\){V). For A G [O;!]; o/ € Norm^^(y) and a common 
splitting basis {vi, . . . , Vn) we have that 

(Aa + (1 - A)a') 
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2. Bruhat-Tits building of a Classical group 

is the norm with sphtting basis {vi)i such that 

Vi Xa{vi) + (1 - X)a'{vi). 

2.1.2. Square lattice functions 

Assumption 2.15 Let us now assume that k is the center of D. 

We also have A;-norms and fc-lattice functions on A. We recah that for an 0£)-lattice 
function A (resp. D-norm a) on V the o^-lattice function 

r ^ End(A)(r) := {a G A\ a(A(s)) C A(s + r) Vs G M} 

(resp. A;-norm 

a ^ End(a)(a) := inf{a(a(a;)) - a{x)\ xeV\ {0}}) 

on A is called square lattice function (resp. square norm) on A. The set of square lattice 
functions, square norms on A is denoted by Laitg^{A), Norm|(yl) respectively. There 
is a (5-actions on Norm|(^), La,ttl^{A) which is given by 

g^:=Po lnn{g-'), {gr){r) := Inn(5)(r(r)) 

respectively where Inn denotes the adjoint action of G on A. 

Remark 2.16 [BL02, 4.10] The map End(Q;) i — ^ End(Acj) is a G-set isomorphism from 
Norm2(^) to Latt2^(^). 

A square lattice functions encodes the 0£)-lattice function up to translation. 

Definition 2.17 The translation of an OD-lattice function A by a real number s is 
defined as 

(A + s)(t) := A(t-s). 

Two Oi:)-lattice functions A and A' are equivalent if A is a translation of A'. The set of 
equivalence classes of o^j-lattice functions of V is denoted by Latto^(y). Taking classes 
in remark 2.11 one obtains an afiine structure for Latto£,(V^), i.e. 

A[A] + (1 - A) [A'] := [AA + (1 - A) A'], A G [0, 1]. 

The translation of an oo-norm a of F by an element s of M is defined as 

{a + s){v) := a{v) + s. 

Two norms are equivalent if one is a translation of the other and the set of all equivalence 
classes is denoted by Norm/j(y). 
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2.2. The Bruhat-Tits building ofGLoiV) over k 



Theorem 2.18 [BL02, 1. 4] The following is a commutative diagram of G-set isomor- 
phisms. 

NormD(F) Latto^(y) 

i i (2.1) 

Norm2(^) ^ Latt2^(^) 

The maps are defined as follows. 

• on the top: [a] i->- [Aq], 

• on the bottom: P i-^ Ajs, 

• on the left: [a] ^ End (a), 

• on the right: [A] End(A). 

For sake of completeness we give a second diagram. 

Remark 2.19 The map given in remark 2.5 induces a commutative diagram of G-set 
isomorphisms. 

Normi,(y) ^ LattJ^(y) 

i I (2.2) 

Norm£)(F) Lattoo(F) 

The maps downwards send an element to its equivalence class. 

We give a last remark describing the behavior of square lattice functions under direct 
sum. We use the assumptions of remark 2.12. 

Definition 2.20 For a e A and a' G Endi3(F') the direct sum of a and a' in End£)(F© 
V') is defined by 

{a ® a){v,v') := {a{v),a {v')). 

Proposition 2.21 

End(A e A'){t) n (Endi3(F) EndD{V')) = End(A)(t) End(A')(t). 

2.2. The Bruhat-Tits building of GLd{V) over k 

We consider the building of the following valuated root datum mentioned in [BT84b] . We 
briefly repeat the construction. As usual X*(?)fe and X*(?)fe denote the set of A;-rational 
characters and cocharacters respectively. 

Assumption 2.22 In this section we assume that k = Z{D). 

We take a Z)-basis (uj) of V and consider the maximal A;-split torus T of G whose set 
of A;-rational points is 

{t e G \ tvi e kvi, for all i}. 
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2. Bruhat-Tits building of a Classical group 

With the basis Gh£){V) identifies with GLm(-D) and the A;-rational points of T are 
diagonal matrices. The torus acts on the Lie algebra by conjugation and the /c-rational 
roots of T are the characters 

t H-> aij{t) := titj^, i,j G for i / j. 

The root system 

$ := {aij I i,j € Nm, i ^ j} 

of X*(T/ Z(T)) (8)^M is of type Am-i- We denote by Uij{x) the matrix of the homomor- 
phism 

The set of fe-rational points of ZQL^(•^/)(^) together with the root groups 

Uij := {uij{x) I X e D}, j, i,j G Nm, 

form a valuated root datum using the valuation 

'Paij{ui,j{x)) := i^{x). (2.3) 

For the definition of a valuated root datum see [BT72, 6.2] or B.6. For the example see 
[BT72, 10]. A short introduction of the steps for the construction of the building of a 
valuated root datum can be found in the appendix B. 

The vector space W := X^{T/Z{T))k M is identified with the dual of 
X*(r/ Z(r))jk (g)^ M via the natural pairing 

x*(r/z(T))fc X x,(T/z(r))fc^z 

and we denote therefore X*{T/ Z{T))k (8)^ M by W*. The standard apartment is the set 
A of all valuations of 

which are equipollent to <p, see section B.2. A is an affine space over W. A vector w of 
W acts on A by 

(u e Ua i^a{u) + a{w)). 

The group T{k) acts on A by translation via 

[t, V') 1-^ V + w{t) 

where w{t) & W is defined by 

Va G $ : a{w{t)) = iy{a{t)). 

The set N{T){k) of /c-rational pionts of the normaliser N{T) of T in G precisely consists 
of the monomial matrixes with entries in D and the above action extends for an element 
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n G N{T){k) via 

n.{(f) + w) = (p + n.w 

where 

0'rii)T{j){'n'-w) = aij{w) + z^(n^(j)j) - 
and T is the involution defined by riT-i^i^^i / 0. 

Definition 2.23 The building ^{G,k) of the valuated root datum defined in (2.3) is 
the set of equivalence classes of G x A under the relation: 

{g,x) ~ {h,y) 

if and only if there exists a monomial matrix n such that 

n{x) = y and hn G gPx- 

The set of all apartments is given by the sets of the form ^A, g E G using the G-action 
on the first coordinate. The definition of Px is given in section B.2 in appendix B. We 
denote ^(G,fe) the Bruhat-Tits building of G over k. 

Remark 2.24 The Bruhat-Tits building of SL£)(F) over k is constructed in the same 
way and it is canonically identified with the Bruhat-Tits building of G over k. 

Remark 2.25 In chapter C we recall the notion of an enlarged building from [BT84a, 
4.2.16]. If ?d>{G,k) is the Bruhat-Tits building of a reductive group over a local field k 

wc denote the enlarged building by ^^(G,k). The group X* {Sli£)(y))k is trivial and 
X*{G)k is isomorphic to Z. Thus ^^{ShoiV), k) and 35(SL£,(F), k) coincide and G has 
a proper enlarged building over k. 

Remark 2.26 The apartments are in one to one correspondence with the maximal 
/^-split tori of G. 

As described in [BT84b, 2.11] and [BL02] one can associate to a point x of the enlarged 
apartment A^ := X*(r)fe (g)^ M a Z)-norm. in the following way. 

oix(y\ diVi) := mi{v{di) - ai{x)) (2.4) 

where Oj G X*{T) is the projection to the zth coordinate and 

ai{x) :=< x,ai > . 

The OD-lattice function corresponding to ax is denoted by A^:. The maps from A^ to 
Norm£)(y), Latto^(F) resp. induced by (2.4) can be extended to the whole enlarged 
building and if one asks for some further properties then this extension is possible in 
a unique way. More precisely by Bruhat, Tits, Broussous and Lemaire we have the 
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following theorem. Here we use that the dual of X*(G) (X"^ M acts on the enlarged 
building by translations. For further description see C. One defines an action of on 
the set of Oip-lattice functions by 

A + Xndao := A + A 

where 

1 

ao := - 
n 

and where (fij) is the dual basis of (oj) in X^{T). 

Theorem 2.27 [BL02, 1. 1. 4. ,1.24, H-l-l- for F = E] There is a unique A"" - and W^- 
equivariant affine bijection 

extending the map 

This bijection induces the unique G-equivariant and affine map from ^(G, k) to the set 
of lattice function classes Latto£,(F). It is bijective and an extension of 

xeA>-^ [A^]. 

Definition 2.28 The set of fc-rational points of the Lie algebra of G is A. For a point 
x G ^^{G, k) we denote the square lattice function corresponding to x by LF(x, G, k). 
This sequence is called the Lie algebra filtration of x in ^. 

The last proposition of this section is not used in this part of the thesis, but in the next 
part. We shortly explain the simplicial structure of S5(GL£)(y), A;). For this we explain 
the structure for A and apply the action of Ghniy). The hyperplanes of A given by the 
equations 

_ k 

for i,j G Nm with i ^ j and k ^ "L cut out a cell decomposition of A, see for example 
[BT72, 1.3.3] for the simplicial structure given by an affine root system or [Bro89, VI.l.B] 
or [Gar97, 12.1]. In the next we consider the last map of the above theorem, i.e. the 
correspondence with Latto^, iV) . The ideas of the following proposition are taken form 
[BT84b, 2.16]. 

Proposition 2.29 [BT84b] 

1. The apartment A is mapped to the set of classes of od -lattice functions which are 
split by (vi). 

2. An element x of ^{GLoiV), k) lies on a face of rank k if and only if has rank 
k. (We only consider faces which are open in their affine span, i.e. we consider 
cells.) 
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2.3. Self-dual lattice functions 



Proof: 

1. This follows from the definition. 

2. Because of the SL£)(F)-equivariance we only have to consider the subset of A given 
by the inequalities 

> for i G N,„_i and am,i{x) < ^. 

It is the closure of the chamber C which is defined by the strict inequalities. The 
image of C is the set 

{[A^] I X G A\ < ai(x) < a2{x) < ...< am{x) = ^}. 

The proof now is an easy counting of jumps in the sequence 

(ai(x),a2(x),a3(x), . . . ,a„_i(x), ^). 

q.e.d. 

2.3. Self-dual lattice functions 

This is a collection of results of [BS09] and [BT87] and we slightly generalise the definition 
of self-dual objects and propositions of [BS09]. For this section we make the following 
assumption. 

Assumption 2.30 We fix a local hermitian {k, u)-datum 

{{A, y, m, D, d, L\k),p, ko,h, e, cj) 
and we assume k to have residue characteristic not two (see definition 1.22). 

2.3.1. Duality 

We explain how h defines a map of order two on all spaces of lattice functions and norms 
which we have considered. At first we define this map for Latto^(F) and then for all 
sets of the diagrams (2.1) and (2.2). 

Definition 2.31 For a lattice function A G Latto^(F) and a real number r we define 

A(r+) := U,>^A(s). 

Definition 2.32 ([BS09] after Prop. 3.2) Given a lattice M G Latt(y,OD) and a 
lattice function A G Latt^^ {V) the duals are defined by 

M* := {x G V\ h{x, M) C p^} 
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2. Bruhat-Tits building of a Classical group 
and 



A#(r) := [A((-r)+)] 



# 



Remark 2.33 A D-endomorphism a of F behaves under the duahsation of a lattice in 
the following way: 

(a"(M))# = a~\M*). 

Proposition 2.34 1. For all M G Latt(y,o/j) the set M# is a full oo-lattice and 

(M#)# = Af. 

2. For all A € Latt^^(F) we have A# e Latto^(F) and (A#)# = A. 
Proof: 

1. Let {vi)i be a Witt basis of h (see corollary 1.20), and let / be a D-linear auto- 
morphism of V which maps 

m 

M' -^ViOD 

i=l 

onto M. Assertion 1 is true for M' because the following two equations hold 

m 

{M'f = ^ViPn and ((M')#)# = (M'p^)# = (M')#pB' = M' . 

i=l 

Further we have 

fiM*) = {M')*. 
Therefore M# is a full lattice and 

(M*)* = {rY{{{M')*)*) = f{M') = M 

as required. 

2. For the first assertion we only show (3) of definition 2.4. 

ne>oA#(r -e) = {v£V\ h{v, U,>oA((-r + e)+)) C p^} 
= {veV\ h{v,A{-r)+)C^j,} 
= A#(r). 

The second assertion is true in pairs r, — r of continuity points of A because of 

(A#)#(r) = (A(r)#)# = A(r). 

The density of the set of these r in M and the left continuity of A and (A#)# extend 
the equality to all real nunbers. 
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q.e.d. 

Before we transfer O'^ to other spaces, we introduce the analogous definition for the 
dual of a norm. This was introduced by Bruhat and Tits. 

Definition 2.35 The dual of a D-norm a on V with respect to h is the D-norm given 

by 

a{v) := inf Mh{v,w)) - a{w)). 

We skip the notion "with respect to h' after the following lemma because definition 2.7 
is not used after the proof. 

Lemma 2.36 [BT87, 2.5] The dual of a norm with respect to h is well defined and if 
(vi) is a splitting basis of a and (wi) is a £)-basis of V such that 

h{wi,Vj) = 6ij 

then (wi) is a splitting basis of a, and the value of a in Wi is —a{vi). 

A basis (wi) as in the above lemma exists, because h is non-degenerate. 
Proof: Under 

(h)* : NormD(F*)^Abb(y,M), 

the image of a* is a. See proposition 1.12 for the definition of h. Therefore a is an 

0£)-norm of V. Wc now prove that (wi) splits a. The norm a* has (v*) as a splitting 
basis which is the image of (wi) under h. Thus (wi) is a splitting basis of a, and 

a{wi) = a*{vi) = -a{vi). 

q.e.d. 

Proposition 2.37 Under the diagrams (2.1) and (2.2) the map ()* corresponds to the 
following maps: 

1. on Norm})(F) 

2. on Norm£)(y) : [af := [a], 

3. on Latto^(y) : [A]'^ := [A#]. 

4. on Latt2^(^) : <f{t) := {a{t)Y , 

5. on Norm|(A) : := /?(/-), 

Proof: 1. The proof is similar to [BS09, 3.3.]. 

2. and 3. The maps are well defined which follows immediately from the definitions. 
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4. We prove for all A€ Latt^^(l^) : 

End(A#) = End(A)^. 

For an element a of A the following statements are equivalent. 

• a" e End(A#)(r) 

• The lattice a'^([A((— s)+)]*) is contained in [A((— s — r)+)]* for all real numbers 
s. 

• The lattice aA((— s — r)+) is contained in A((— s)+) for all real numbers s by 
remark 2.33. 

• a is an element of End(A)(r). 

5. The bijection 

Normi(A) ^ LattJjA) 

maps the norm End(a) o cr to End(AQ,)'^ which is End(A^) by assertion 4. The commu- 
tativity of diagram (2.1) implies that End(Q:) is mapped to End(Aa) which is End(A^) 
by assertion 1. The equality 

End(a) o a = End(Q:) 
follows now from the injectivety of the above bijection. q.e.d. 

Remark 2.38 1. All maps given in 2.37 have order two by proposition 2.34. 

2. Let A be an 0£)-lattice function. For g G GLdV we have 

{gAf = {g^-'A*. 

Proposition 2.39 The map 

()#:Latt^^(F)^LattJ^(y) 

is affine and \J{h)-equivariant. 

Proof: The equivariance follows from 2.38[2.]. We prove the affineness with norms 
and lemma 2.36. Let (vi) be a splitting basis of two D-norms a and a'. We choose an 
element A G [0, 1]. The basis (vi) also splits 7 := Aa + (1 — X)a'. By lemma 2.36 the 
D-basis (wi) fulfilling 

h{wi,Vj) = 6ij 
splits a, a' and 7 and the values at Wi are 

a{wi) = -a{vi), a'(wi) = -a'(vi) 

and 

^{wi) = -7(^1) = -Xa{vi) - (1 - X)a'{vi). 
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2.3. Self-dual lattice functions 

Thus 

j{wi) = \a{wi) + (1 - X)a'{wi), 
which proves the affiness of the map a a. q.e.d. 

2.3.2. MM-norms 

We are interested in the sets of self-dual objects. For the self-dual norms Bruhat and 
Tits gave another definition, the definition of an MM-norm. 

Definition 2.40 ([BT87][2.1) ] One says that a G Norm^(y) is dominated by h, if 
for al\v,v'eV we have 

a{v) + a{v') < u{h{v, v')). (2.5) 

Remark 2.41 If (vi)i is a splitting basis for a then a is dominated by h if and only if 
for all i, j we have 

a{vi) +a{vj) < u{h{vi,Vj)). 
We make Norm})(F) to a poset by defining a < /3 if a{v) < P{v) for all v eV. 

Definition 2.42 ([BT87] 2.1) A maximal element of the set of a G Norm.\)(y) domi- 
nated by h is called a MM-norm for h (maximinorante in French). 

Lemma 2.43 A D-norm a satisfies the following three properties. 

1. For all v,v' eV we have 

a{v) + a{v') <u{h{v,v')). (2.6) 

2. bary{a) := + is dominated by h. 

3. If a is dominated by h then bary{a) > a. 

Proof: The first assertion follows from the definition of a and it implies the second 
assertion because bary{a) = bary{a) Point 3 follows because to be dominated by h is 
equivalent to a < a. q.e.d. 

A part of [BT87, 2.5] is the following proposition. 

Proposition 2.44 (F. Bruhat, J. Tits) For a G Norm£,(F) the following statements 
are equivalent. 

1. a = a. 

2. a is a MM-norm. 

Proof: 1.^2. : a is dominated by /i, since a < a. If 7 > a and 7 is dominated by 
h, then 7 < 7 < a = a, thus 2. 2.=>1. : By remark 2.43 (2 and 3) we get a = bary{a). 
Thus a = a. q.e.d. 
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2. Bruhat-Tits building of a Classical group 
2.3.3. Self-duality 

We obtain two diagrams with sets of self-dual objects from the diagrams (2.1) and (2.2). 
An element of one of the sets given in these diagrams is called self-dual if it is a fixed 
point of the corresponding map given in proposition 2.37. 

Notation 2.45 We denote the set of self-dual objects as follows: 

• for Norm^(y), NormD(F) : Normj,(y), Norm/i(F), 

• for Latt^^(F), Latto^(y) : Latt^(y), Latt/i(F) 

• for Norm|(^) : Norm^(^), 

• for Latt^^(^) : Latt^(^). 

The next proposition is a corollary of proposition 2.39. 

Proposition 2.46 The sets Norml{V) andLattl{V) are closed under the affine struc- 
ture o/Normj^(F) andhatt\(y) respectively. 

Proposition 2.47 We get two commutative diagrams of \J{h)-equivariant maps. 





■> Lattfe(y) 




i 


i 


(2.7) 


Norm^(A) - 


■> Latt^(^) 




Normj,(F) - 


^ Latt;,(y) 






i 


(2.8) 


NoiuihiV) - 


■> Lattfe(y) 





The maps in the second diagram are affine. 

The vertical maps of diagram (2.8) are surjective. Indead if a D-norm a satisfies 
[a]"' = [a] there is a real number s such that 

a = a + s. 

It follows that the norm a + | lies in Normjj(F), because 

s _ s s 
"+2=""2="+2- 

Remark 2.48 An analogous argument shows that two self-dual D-norms are equivalent 
if and only if they equal, i.e. that all maps of diagram (2.8) are bijective. 

We consider the direct sum of self-dual lattice functions. 
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2.3. Self-dual lattice functions 

Remark 2.49 Let V be another finite dimensional D-right vector space with an e- 
hermitian form h' . On V (BV we have the e-hermitian form h defined by 

h{{v,v'),{w,w')) = h{v,w) +h'{v',w'). 

1. We have 

(A e A')* = A# e A'# 

for two lattice functions A G Latto^(y) and A' e Latto^(F'). 

2. The direct sum of self-dual lattice functions is self-dual. 

Assumption 2.50 For the last part of this subsection let us assume that h is isotropic 
and that 

v = w®w' 

with maximal totally isotropic subspaces of V. We put k := dim^* W. 

Definition 2.51 For M G Latt{W,Ok) we define its dual in W' by 

M#'^' := {w' e W'\ h{w',M) C Pjj}, 

and analogously M'#'^ for M' G Latt{W',Ok). The dual of A e LattJ^(W^) in W is 
defined by 

A#'^{t) := (A((-t)+))#'^', 
and we have an anologous definition for o^-lattice functions of W. 

Proposition 2.52 For M G Latt{W,Ok), Q G Latt{W',Ok), A G Latto^(VF) and A' G 

Lattl^{W') we have: 

1. (M © Q)* = Q*^^ © M*'^' and Q*'^ and M*^^' are full lattices in the corre- 
sponding vector spaces. 

2. (A © A')* = A'#'^ © A*'"^' and A'#'^ and A#'^' are lattice functions in the 
corresponding vector spaces. 

Proof: For 1.: The equality is a consequence of h{W, W) = h{W', W) = {0}, i.e. 

{w,w') G (M©Q)# 

if and only if 

h(w,Q) + h{M,w') C 

if and only if 

h{w, Q) U /i(M, w') C 

if and only if 

w G Q#'^ and w' G M#'^'. 
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2. Bruhat-Tits building of a Classical group 

The set (M © is a full lattice in V and by the equality we get that Q*'^ is a full 
lattice in W and M*'^' is a full lattice in W'. 

For 2.: Prom 1. we get the equality. The left side is a lattice function. Thus both 
summands on the right side of the equation are lattice functions, q.e.d. 

Proposition 2.53 1. The maps 

Q*'^' : Latt{W,Ok)^LaU{W',Ok) 

and 

0*'^ : Latt{W',Ok)^Latt{W,Ok) 
are inverse to each other. 

2. The maps from 1 are affine. 

Proof: 

1. We take M G Latt(VF, Ofc) and Q G Latt(VF',Ofc) and by 1. of proposition 2.52 we 
get 

((M © Q)*)* = (Q#'^ © M#'^')# = (M#'^')#'^ © (Q#'^)#'^'. 
Prom 2. of proposition 2.34 we get 

((M©Q)#)# = M©Q. 
Both equalities together imply the first assertion. 

2. By proposition 2.39 the map ()* on Latto^(y) is affine. By remark 2.12 and 
2.52 [2.] we get the second assertion. 

q.e.d. 

Definition 2.54 For an endomorphism a £ FindoiW), there is a unique endomorphism 
of W' denoted by a^'^ such that (a © 0)'^ = © a*^'^ . We define an embedding 

iw,w' ■■ GLDiW)^l!{h) 

as follows 

iw,W'{9){w,w') := (5H,(5"'^')-i(^'))- 
The map iw,W' defines a A;-morphism and the differential at identity is given by 

diw,W'ia) ■=a® (-a*^'^'). 
Its image is a subset of Lie(U(/t))(A;o). 
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2.4. The Bruhat-Tits building of V {h) 

Proposition 2.55 The map 

<f>:LattljW)^LattUV) 

defined by 

0(A) := A e A*'^' 
is affine and GL£){W)-equivariant, i.e. 

(t){gk) = iw,w'{9)<t>{J^)- 

Proof: We have A A#'^' G Latt,\(y) by 2.52[2.] and 2.53[1.]. The affineness 
follows from 2.53[2.] and remark 2.12. For the equivariance we need 

(5A)#'^' = (^'^'^yiA*'^' 

which follows from 

/i((0,^«'),(5H,0))=/i((0,5"'^'(^')),(^,0)). 

q.e.d. 

2.4. The Bruhat-Tits building of U(/i) 

We adopt assumption 2.30. 

Remark 2.56 From 1.37 we deduce that D can only have an index d which is 1 or 2, 
and if the index is 2 then fco equals k. Without loss of generality we can assume e = — 1 
if d = 2 by [BT87, (22.a)]. 

In this section we describe the Bruhat-Tits building of SU(/i) as a subset of S»i(G,fe). 
It was done by Bruhat and Tits in terms of norms. We use the concept of self dual 
lattice functions from the last section. This description was introduced in [BS09] based 
on [BT87]. 

Notation 2.57 We denote by 02^^ the fc-split isotropic orthogonal group of rank 1, i.e. 
the unitary group given by an isotropic symmetric fc-bilinear form on k'^. 

Example 2.58 The connected component of 02,k ^-isomorphic to Gm and we can 
apply section 2.2. Its Bruhat-Tits building over A; is a point and its enlarged building is 
a line. The Gin(A;)-action on Latto^(A;) is extended to an 02'^fe(A;)-action via 

antidiag(l, l).{s ^ ^l'"'^^) := (s ^ pif+^]+). 

Proposition 2.59 The following three assertions are equivalent. 
1. There is a ko-isomorphism, between U(/i) and O^f.^ . 
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2. Bruhat-Tits building of a Classical group 

2. There is a ko -isomorphism between SU(/i) and Gm • 

3. The following system of conditions is satisfied: 

D = k = ko and m = 2 and a is orthogonal 
and h is isotropic. 

Proof: The implication 3=>1 and 1=>2 are obvious and 2=>3 is a direct consequence 
of C.7. q.e.d. 

Assumption 2.60 In the following introduction we assume that U(/i) is not kg-isomor- 
phic to Oi% ■ 

We consider the building of the valuated root datum given in [BT87, 1.15.], denote it 
by ^(SU(/i), fco) and call it the Bruhat-Tits building ofS\J{h) over ko. 

Remark 2.61 1. From the definition of a building corresponding to a valuated root 
datum it follows that in the anisotropic case the building is a point and in the 
isotropic case the building is the geometric realisation of a thick Euclidean building. 

2. The apartments are in one to one correspondence with the Witt decompositions. 

Let us now fix a Witt basis (fi)/u7o ^ with respect to h, i.e. we have the Witt 
decomposition 

Vi := ViD, iel, Vo:=J2 '"i^- 

ieio 

Let T be the torus defined over ko whose set of /co-rational points is given by the ko- 
rational points t of SU(/i) satisfying: 

1. t.Vi G koVi for alH G / and 

2. t.v = V for all V eVo 

Then T is a maximal /co-split torus of SU(/i). We look at the characters defined on 
T{Ko) by 

tvi = ai{t)-\, t G T{Ko). 

There is a bijection from A the apartment of S8(SU(/i), fco) corresponding to the torus 
T to the set of the MM-norms which split under the given Witt basis. 

X G A !->■ Oj; 

where ^ 

«x(y] '"i^i + ^o) •= inf{-z/(gf(t>o)), inf{i^(Aj) - ai{x)}}. 
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2.4. The Bruhat-Tits building of V {h) 



Here q is the pseudo-quadratic form corresponding to h. (sec [BT87, 1.2. (9)]) This gives 
a map from A to Lattjj(y), whose image is the set of self-dual lattice functions which 
are split under our Witt basis. This set is denoted by Lattj^ (v.).(^)- We denote the self 
dual lattice function corresponding to a; G A by A^;. 

Definition 2.62 If U(/i) is connected then the Bruhat-Tits building ?d{\J{h),ko) of 
U(/t) is defined analogously and canonically identifies with ^(SU(/i), ko). If U(/i) is not 
connected we define ^(U(/i), ko) to be ^(SU(/i), ko). 

Remark 2.63 For the case we consider there is no proper enlarged building of SU(/t) 
and U(/i) because X*{S\J{h))ko ^^'^ ■^*i^{h)'^)ko ^-re trivial, i.e. we have 

SS(SU(/t), ko) = ^^{SV{h), ko) = Sd(U{h), ko) = ^\V{h), ko). 

Broussous and Stevens proved a reformulation of [BT87, 2.12] for the case where 
D = k. With minor changes their proof is valid for the case D ^ k (see also [Lem09] §4). 

Theorem 2.64 [BS09, Prop. 4-^-] There a unique \J{h)(ko)-equivariant affine map 

^{V{h),ko)^hattl{V). 
It is bijective and an extension of the map 

X e At-^ Ax. 

Remark 2.65 In the omitted case, see example 2.58, we have 

Sd\Ol%k) - Latti^(y) - M, (pr''^)seM ^ V- 

The affine space Lattjj(y) can also be identified with M if one fixes a Witt-basis (vi, ^2) 
for the unique Witt decomposition of V, precisely 

yem^ {pt'^^vi®pt'^^V2)s. 

The identity of M induces the unique 02'^jt(A;)-equivariant affine bijection from ^^{Of ,^, k) 
to Latt^(F) because the identity is the only affine map j of M which satisfies j{y + 1) = 
j{y) + 1 and j{-y) = -j{y) for all y eW. 

We also have a notion of a Lie algebra filtration here. 
Definition 2.66 The set of A;o-rational points of Lie(U(/i)) is the set 

{A G a\ a + a{a) = 0} 

of skewsymmetric D-endomorphisms of V with respect to a. For a point x of 
S£>^ {\J (h) , ko) the following intersection 

LF(x, \J{h), ko) := LF(x, G, k) n Ue{V{h)){ko) 
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2. Bruhat-Tits building of a Classical group 

defines an o/jg-lattice function in Lie(U(/i))(A;o)- It is called the Lie algebra filtration of 
X in Ue(V{h)){ko). 

Theorem 2.67 [Lem09] The filtration LF(x, U(/i), /cq) coincides with the 
Moy-Prasad filtration. 
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3. Maps which are compatible with the Lie 
algebra filtrations 



3.1. Compatibility with the Lie algebra filtrations 

The notion of CLF-map was introduced in [BL02]. Let F be non- Archimedean local 
field with valuation ring op- 

Definition 3.1 Let S be a finite dimensional Lie algebra over F. An Oir-Lie algebra 
filtration of B is an Oir-lattice function of B. 

Definition 3.2 1. A reductive F-group G with the Bruhat-Tits building 

^(G, F) is said to be an LF-F-group, if every point x of ©(G, F) is attached to an 
OiT-Lie algebra filtration LF{x, G, F) of Lie(G)(F). If there is no confusion we skip 
the prefix op. 

2. The Lie algebra filtration of a Lie algebra B attached to a point x is also denoted 

by LF{x,B). 

If G is a connected LF-F-group we can attach a Lie algebra filtration to every element 
of the enlarged building ^^{G, k) if we use the projection to the first component 

^\G,F)^^{G,F), {y,w)^y, 

see C, i.e. we define 

LF{{y,w),G,F) := LF{y,G,F). 

Definition 3.3 Let H and G be LF-F-groups. Let z : H— > G be an F-homomorphism. 
We call a point y of 5B(G,F) an extension of x e SS(H, F) with respect to i if 

LF{y, G, F) n im(di) = di(LF(x, H, F)) (3.1) 

where di : Lic(H)— > Lie(G) is the differential of i. We omit to mention i if the choice of 
i is clear. An analogous definition can be made using also enlarged buildings. 

Definition 3.4 Under the assumptions of definition 3.3 a map j between subsets of the 
buildings 35(H,F) and 553(G,F) is compatible with the Lie algebra filtrations (CLF) with 
respect to i if we have that an element y of ?d{G,F) is an extension of x G ^(H,F) 
if j maps X to y or y to X. We give analogous definitions for maps between subsets of 
enlarged buildings or between subsets of an enlarged and a non-enlarged building. 
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3. Maps which are compatible with the Lie algebra Bltrations 

Example 3.5 Assume we have given a local hermitian fe-datum of residue characteristic 
not two with unitary involution a. We have the inclusion 

U(M^ReSfe|fc„(GLfe(y)) S GLfe(y) x GLfe(F), 

U(/i) = U(/i)(/eo) C Resk\koiGLk{V)){ko) = GLfc(F) = GLk{V){k) 

and 

Lie(U(/i))(fco) C Lie(ReSfc|fe„(GLfc(y)))(A;o) = Endfe(F) = Lie(GLfe(y))(fc). 

Thus we have a notion of CLF for maps 

^\U{h),ko)^^\GLk{V),k)=S£>\ReSk\ko{GLk{V)),ko). 

The aim of this work is to analyse how precise a map is determined by the CLF 
property. 

3.2. Buildings of centralisers 

Assumption 3.6 For the rest of part 1 we adopt assumption 2.1 and we assume that 
k has residue characteristic not two. 

Prom section 3.2 to section 4.5 we only consider centralisers of separable Lie algebra 
elements and separable field extensions. In section 4.6 we explain how the results of 
chapter 3 and 4 generalise to the non-separable case. 

Notation 3.7 For a group action 

G X W^W 

we denote the fixator of an element w hy and of a subset 5 of by Gg. If W 
is the Lie algebra of an algebraic group and if we do not specify the action, we use the 
adjoint group action. 

3.2.1. The case of Gl^oiV) 

Let £^ be a commutative separable fc-subalgebra of Lie(G)(A;), i.e. E splits into a product 
of separable field extensions of k : 

E = J{Ei. 

i 

If Ij is the idempotent corresponding to 1e. we put := IjK For every i there is an 
£'i-algebra isomorphism 

EndE,^,Zj(yi)^EndA,(W^i) 
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3.2. Buildings of centralisers 

for some skcwfields Aj central over Ei and some finite dimensional Aj-vector spaces Wj. 
By the separability of E over k there is a canonical fe-isomorphism 

i 

and thus the centraliser G^; is fc-isomorphic to 

i 

The building of over k is GL£)(y)E-equivariantly isomorphic to 

l[^{GL^,iWi),Ei) (3.2) 

i 

and the enlarged building is GL£)(l/)E-equivariantly isomorphic to 

l[Sd\GL^^iWi),Ei). (3.3) 

i 

We identify these products with ^^(G^;, k) and ^^(Gg, k) respectively, and we work with 
the lattice function models of the factors. 

Notation 3.8 Instead of GliAiiWi) we write GliEi^kDiVi). 

Definition 3.9 The Lie algebra filtration of a point x = {xi) of ^(Ge, k) or the enlarged 
building 95^ (G^;, k) is given by the direct sum of the Lie algebra filtrations of the points 
x-i^ I.e. 

LF{x,GE,k){t) :=eiLF(a;i,GLj5,55,z)(T4),Ei)(t), teR, 
the sum of the corresponding square lattice functions. 

3.2.2. The case of \J{h) 

Here we use the same idea as in the previous subsection. We take a local hermitian 
datum with the fixed simple datum of assumption 3.6. We consider the unitary group 

G:=U(/i)CRcSfc|,,„(G) 
Let P be an element of 

Lie(G)(A;o) = {a e Endc(F)| + a = 0} 

which is separable over k, and we put H := G^ . 
The semisimplicity of k[[3] gives us the following decompositions: 

• E := k[P] = Yli^jEi, a product of fields, 

• 1 = J2ieJ decomposition of 1 into primitive idempotents. 
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3. Maps which are compatible with the Lie algebra Bltrations 
• V:= (Biej{Vi), Vi := UV and 

On J we choose a representation system Jun+ for the equivalence relation defined by 

i ~ j if i = j or a{li) = Ij 

and we put 
and 

«/_ . — J \ Jiin+- 

We define —i := j if a{li) = Ij. For i € Jun we denote (-Bi)o to be the set of fixed points 
of a in Ei. 

We obtain a lattice function model for the enlarged building of H in the following way. 
The following polynomial isomorphism 

H(fco) = G(feo)/3 

= Yl U{h(Vi+V-i)x(Vi+V-i))pi+|i-^ 

ieJun i>0 
= n I^eS(E.),|feo(U((7|EndB,®;,oW)))(^o) X [] ReSg. (GLg.^,!) (Fi)) (A^o) 

extends to an algebraic isomorphism 

i&Jun i>0 

because H(/co) is Zariski-dense in H because H is reductive and defined over the infinite 
field fco by the separability of /3. For he definition of U(c7|EndB.0^o(yi)) see 1.35. For a 
reductive group V defined over a local field L, we have 

^\T,L)^^\KesL\F{T),F) 
for every finite separable field extension L\F. Thus ^^(H, Uq) is isomorphic to 

n ®^(^es(E.)g|feg(U(a|End^;,®,i,(v,)))'^o) X []53i(ResE^|fc„(GLj5.®,D(Vi)),/co) 

which by the method of restriction of scalars is isomorphic to 

= n ^'(U(a|End^,«,,(y,)),(£^«)o)xn«'(GL^;,0.D(^i),£^^)- 
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3.3. CLF-maps in the case of GLd{V) 

Definition 3.10 Analogously to definition 3.9 the Lie algebra filtration of a point x = 
(xi) of ^5^(H, fco) is defined to be the direct sum of the Lie algebra filtrations of the 
points Xi, i.e. for t G M we put LF(x,H, ko){t) to be 

n LF(xi,Skew(EndE,^,i^(Fi),a))(i) X [] LF{xi,GLE,^M^)^ ^iM- 
3.2.3. Notation and simplification for the unitary case 

We use the notation of subsection 3.2.2. Under the choice of J+ we make the following 
simplification of the situation. We put Jql '■= J+U J- and we introduce the following 
notation. For a symbol a G {+, —,un, GL} wc put 

Va := Yl (^^)' := E ^i' 1» •= E := E /^i' := GLd(K), 

ieJa ieJo i&Ja iEJa 

for b G {un, GL} we put 

hb ■= ^IVfeXV;,, 0-& := (^lEndoiVb)^ ■= U(/ib), Hb := {Gb)l3h 

and for c G {un, +} we put He := {Gc)ec- For example we have the following commuta- 
tive diagrams. 

GaUk) X Gun{k) ^ G(fc) 

t t 
Ggl(A;o) X Guniko) G{ko), 

tlun{k) Gun{k) 

t t 

H„n(A;o) G„„(A;o), 

Remark 3.11 We have 

^i(H, fco) = «Hh„„, fco) X 5»HHgl, A:o). 

3.3. CLF-maps in the case of GL£)(y) 

In this section we recall results of [BL02]. We fix a separable field extension E\k in 
Lie(G)(A;). The group acts on Latt^,, (^) by conjugation, i.e. there is an -action 
on ^{G,k). 

Theorem 3.12 [BL02, II. 1.1] There is a unique CLF-application 

j : ^{G,kf^^{GE,k). 

The map j is bijective and is the unique G E{k) -equivariant affine map from ^(Ge, k) 
to ^{G,k). 
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3. Maps which are compatible with the Lie algebra Bltrations 
Notation 3.13 We denote 

Je := j and := j"^ 
In this part of the thesis we mainly consider . 

In [BL02] the authors describe . They define a map between the enlarged buildings 
and apply the projection to the non-enlarged buildings. The projection from an enlarged 
to the non-enlarged building is 

{y,w) ^ y. 

Theorem 3.14 [BL02, II. 3.1, II. 4] There is an affine GE{k)-equivariant CLF-map j 
from ^^{GE-ik) to ^^(G, /c), such that the first component of j{y,w) is j^{y). 

Proof: The existence of j is stated in lemma [BL02, II.3.1]. The affineness is proven 
in section [BL02, II. 4] for , but the proof actually shows that j is affine. The GE{k)- 
equivariance follows from the formula of j given in [BL02, II. 3.1]. q.e.d. 

Corollary 3.15 The image of j is the set of oo-lattice functions of V which are oe- 
lattice functions. 

Proof: If A G Latt^^ (V) is in the image of j then A + Hs in the image too for every 
integer I, because of the fc^-equivariance. The affineness implies that a lattice function 
is an element of im(_7) if and only if the whole class is a subset of im(j). The assertion 
follows now from 

im(j^) = (Latt„^(y)f ^ 

q.e.d. 

One has a uniqueness result for on the level of non-enlarged buildings. 

Theorem 3.16 [BS09, 10.3] For two points y G ?d{G,k) and x G ^{GE,k) which 
satisfy 

LF{y, G, k) n FndE®^D{V) D LF(x, Ge, k) 

we have j^{x) = y. 

In [BS09, 10.3] this theorem was proven for the case D = k and E is generated by 
one element. The proof did not use the second assumption, and it goes over to D ^ k 
without changes. The theorem generalises easily to semisimple subalgebras. 

We assume now that ii^ is a semisimple A;-subalgebra of EiidD{V) and E may not be 
a field. We put oe ■= J2i OEi- 

As in theorem 3.12 we describe ^{Ge-, k) as a subset of ^(G, k). We can not use the 
action of E^ because there are no fixed points in 58(G, k) if E is not a field. The set of 
o^-fixed points is too big. We therefore introduce a new notion of lattice function. 

Definition 3.17 An OE-oo-^o,ttice function of V is an Oij-lattice function of V which 
splits under (Fj) such that for every i the function 

t ^ A{t) n Vi 
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3.4. CLF-maps in the case of 02^p. 

is an 0£;^-lattice function of V^. We denote the set of OB-Oip-lattice functions by 
Latti^_„^(F). 

Theorem 3.18 Under the assumptions and notation of subsection 3.2.1 there is an 
affine and GE{k)-equivariant CLF-map 

whose image in terms of lattice functions is Lattl^_^^{V). 

Proof: For every index i theorem 3.14 ensures the existence of an affine GLEi^^oiVi)- 
equivariant CLF-map 

ji : S£>\GLE,^,DiVi),Ei)^S£>\GLD{Vi),k). 
Thus the product j := Hiii is an affine and GB(A;)-equivariant CLF-map. The map 

: l[?d\GLD{Vi),k)^^\G,k) 

i 

defined by 

{Ai)i ^ ®iAi 

is affine and Hi GL£)(V^)-equivariant by remark 2.12 and CLF by proposition 2.21. Thus 
the map 

j ■■= e* o j 

fulfils the asserted properties. The assertion about the image follows from corollary 3.15. 
q.e.d. 

3.4. CLF-maps in the case of Oj^^ 

We consider a local hermitian /c-data which satisfies 

D = k = ko, dimfc V = 2, p = id, Witt index = 1, e = 1. (3.4) 

Remark 3.19 There is only one Witt decomposition and we have a corresponding k- 
basis vi, V2 such that 

h{viXi + V2X2, Vim + V2IJL2) = AiAt2 + A2Mi- 
The objects are the followings. 

2. We have cr(B) = B, B e GL2(A;), where B is obtained from B in permuting the 
diagonal entries. 
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3. Maps which are compatible with the Lie algebra Bltrations 

3. The set Lie(02''fc)(A;) is the set of diagonal matrices diag(a, —a) where a runs over 
k. Any element of Lie(02*jt)(^) therefore separable, e.g. for a / we have 

A;[diag(a, — a)] = A;[diag(l, — 1)] = A;diag(l,0) x A;diag(0, 1). 

4. The group (0|'^j^)° is canonically fc-isomorphic to Gm via the following embedding: 

9 e Gm{k) ^ incl{g) G 0|%(A;) 
where incl{g){vi) = vig and incl{g){v2) = V2g~^. 
Remark 3.20 Every element of^^{0^2,k' ^) same Lie algebra filtration, precisely 

t {diag(a, -a)\ a G p^'"^}. 
Proposition 3.21 There is an affine map 

which is affine, {O2k)0ik)-equivariant and compatible with the Lie algebra filtrations. 

Proof: In the case of /3 = we take for j the identity of ^^(02*^, k). If /3 is not zero 
the following map j defined by 

is compatible with the Lie algebra filtrations with respect to incl, because on both sides 
there is only one filtration and we have 

d(mcO(pp) = {diag(a, -a) \ a G p^}. 

The affineness and the equivariance are obvious, q.e.d. 

We consider the identifications of remark 2.65. 

Proposition 3.22 A map 

j-- ^\{oi%)p,k)^^\oi%k) 

which is Gm{k)-equivariant and affine is a translation o/M. The translations ofM. are 
in terms of lattice functions Gm{k)-equivariant. 

Proof: The linear part of an affine map j on M must be the identity if j satisfies 

j{s + 1) = j{s) + 1 
for all s G M. Thus such a j must be a translation, q.e.d. 
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3.5. CLF-maps in the unitary case 



Remark 3.23 The identity is the only 0|^j;.(A;)-equivariant translation of M. 

3.5. CLF-maps in the unitary case 

We use the notation of subsection 3.2.2. 

Convention 3.24 We omit the case where G is fco-isomorphic to 02'^^^, i.e. the case 
considered in section 3.4. Therefore G has no proper enlarged building over ko- 

Convention 3.25 We work with the models of the buildings in terms of lattice functions 
and square lattice functions and we have thus fixed isomorphisms of the form given in 
theorem 2.27 and theorem 2.64. 

Theorem 3.26 There is an injective, affine and il{ko)-equivariant CLF-map 

j: 5Si(H,fcoHS5(G,fco) 

whose image in terms of lattice functions is the set of self-dual OE-OD-laiUce functions 
ofV. 

We construct the map using the diagram 

II V'i 

SSi(H,fco) 4 ^(G,A;o) 

We have to construct <p and 4^. 

Lemma 3.27 There is an injective, affine and Gun{ko) x GGL(A;o)-equivariant CLF-map 

V'- 

Proof: We define to be the map 
given by 

(A„„,Agl) ^ A„„©Agl. 

The map is welldefined by 2. of remark 2.49 because h{Vun,VGL) = {0}. The affine- 
ness, the equivariance and the injectivity are obvious. The CLF-property follows from 
proposition 2.21 and 

Skew(Endi)(F),a,,) n (Endz)(K.n) © Endj^(VGL)) = 

Skew(Endi3(K„), (t„„) Skew(EndD(T^GL), cfgl)- 

q.e.d. 
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3. Maps which are compatible with the Lie algebra Bltrations 



Lemma 3.28 There is an injective, affine and Hun(feo)-equivariant CLF-map 
Proof: 

1. At first we assume that Eun is a field. We use diagram (2.8) and in terms of lattice 
functions we consider S8^(H„„, A;o) and ^■'^(G^n, ^o) as embedded in 5B(H„„, k) and 
^{Gun,k) respectively. We have to prove that the image of SS^(H„„,A;o) under 
jEun Qf theorem 3.12 is a subset of 5S^(G„„, ko). For an element x of S&^(H„„, ko) 
we have 

LF(x, Lie(H„„), A;) = LF(j^"" (x), Lie(G„„), /c) n End£;„„^,zj(Kn) 
by the CLF-property of j^"". The left hand side is invariant under a, and we obtain 
LF{x,Ue{Hun),k) = LF(j^™(x), Lie(G„„), /c)'^ n End£_^,D(Kn). (3.5) 
By 2.37[4.] there is a point y of ^{Gun, k) whose Lie algebra filtration is 

l,Y{f--{x),Uo{Gun),kY. 

By theorem 3.16 the equation (3.5) implies y = j^""(a;), i.e. the Lie algebra filtra- 
tion of j^""(x) in EndD(T4n) is self-dual and therefore j^""(a;) lies in SB^(Gun,, fco)- 
We define 

(Pun— J ISSi(H„„,fco)- 

2. If Eun is not necessarily a field we get for every i G J^n a map (pun i constructed 
above. The image of (t)un,i is a subset of Lattj^i (V^) and we define (pun to be the 
direct sum of the maps (j)uni- The assertion follows now from 2. of remark 2.49. 

3. We now prove the injectivity of If two tupel of self-dual lattice functions (Aj) 
and (A^) are in the same fiber of (f)un we obtain 

j^'([A,])=j^^([A',]) 

for all indexes i. The injectivity of j^^ implies [Aj] = [A^] and the self-duality 
implies Aj = A'^. 

q.e.d. 

Lemma 3.29 There is an injective, affine H(5i(A;o)-equivariant CLF-map 

Proof: In terms of lattice functions we have 

^\YlGL.ko)=^\^+.k) 
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3.5. CLF-maps in the unitary case 

and we take a map 

constructed as in the proof of theorem 3.18. The map 

is obtained by proposition 2.55. The CLF property is an easy calculation knowing that 

Lie(G+)(fc)-^Lie(GGL)(fco) 

is given by 

4'GL,2 is injective, afHne and G+(A;)-equivariant. We put 
q.e.d. 

The combination of all lemmas provides the proof of part one of theorem 3.26. 

Lemma 3.30 There is an injective, afiine and H(/jo)-equivariant CLF-map 

j : ?d\n,ko)^Sd{G,ko) 

Proof: We define 

j :=tjjo X (f)GL), 

where (pGL ■= 4'GL,2 o (pGL,i- q-e.d. 

In the proof above many choices have been made. The following lemma finishes the 
proof of theorem 3.26. 

Lemma 3.31 Let j be a map from 35^(H, fco) to ^{G,ko) constructed as in the proof 
of 3.30. The image of j is the set of self-dual OE-0£)-lattice functions. 

Proof: Case 1: At first we consider the case where Jun+ has exactly one element. 

Case 1.1: If the index lies in J^^ the map j is a restriction of whose image is the 
set of classes of 0£;-0£)-lattice functions by 3.12. Let y be an element of ^(G, ko) whose 
self-dual lattice function is an 0£;-0£)-lattice function. By the surjectivity of there is 
an X G ^^(H, k) such that j^{x) = y and therefore 

LF(y, EndoiV)) H EndE^M^) = LF(x, EndE^M^))- 

The self-duality of LF(y, EndD(^)) implies the self-duality of the Lie algebra filtration 
of X, i.e. X has to be an element of 35^ (H, kg). 
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3. Maps which are compatible with the Lie algebra Bltrations 

Case 1.2: If the unique element of Jun+ is an element of J+, then the map j is a 
composition of 

{LaUljV,)f^ ^(Latti(y)) n (Latt^^_„^(F)) 
from proposition 2.55 and 

Thus the image of j is the set of self-dual og-OD-lattice functions of V. 

Case 2: In the general case j is the direct sum of maps of the kind of the two cases 
1.1 and 1.2 which finishes the proof, q.e.d. 
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4. Uniqueness results 



Notation 4.1 We take the notation and assumptions of subsection 3.2.2 and convention 
3.24 

In theorem 3.26 we proved the existence of an afHne and H(A;o)-equivariant CLF-map 

58i(H,fco)^^(G,fco). 

In this chapter we observe in which sense the CLF property determines such a map 
if we forget the affineness or weaken the equivariancc. It wih force uniqueness if H 
has no factor fco-isomorphic to Ol^j^.^ and Jql is empty. It will force a uniqueness up to 
translations of ^^(H, ko) in general. For technical reasons we introduce further notation. 

Notation 4.2 For i G Jun+ we put 

• hi := h\^Vi+V-i)x{Vi+V-i), 

• Gi := \J{hi) and Hj := (Gi)E.+£;_., 
. Gi := GLoiVi) and H, := (G,)e,. 

To shorten the notation we write 

• g for Lie(G)(A;), 

• g for Lie(G)(fco), 

• ^ for Lie(H)(fe) and 

• ^ for Lie(H)(A;o). 
For any index i we denote 

• Lie(Gi)(A;) by g^, 

• Lie(Gi)(A;o) by g^, 

• Lie(Hi)(A;) by |j and 

• Lie(Hi)(A;o) by ^j. 
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4. Uniqueness results 



We have to remark the following correspondence. For i G J_|_ we have 

(Hi)(/co) = {a + ia-^r\ a G AutE,^,D{Vi)} ^ AutE.^,D(^i) = ^i{k), 

&i = {a - {ay\ a G EndE^^^niVi)} ^ EndE^^^oiVi) = U 

thus a Lie algebra filtration in corresponds to a Lie algebra filtration in ^j. The Lie 
algebra filtrations are defined in 2.28, 2.66 and 3.10. 



4.1. Factorisation 

Lemma 4.3 There is at most one index i e J such that Pi = and if such an index 
exists it has to be in J^n- 

Proof: Assume that there are two different indexes i,j G J such that Pi and /3j are 
zero. We take a polynomial P with coefficients in k such that Ij = P{l3). We obtain 
firstly 

U = Uli = l,P(/3) = 1,P(0), 

i.e. 

(1-P(0))li = 0, 

and secondly 

= lilj = P{/3)lj = P{0)lj. 

The clement P(0) lies in k and therefore it must be 1 by first and by the second 
equality which gives a contradiction. 

If there is one index with j3i = then — = is zero too, and by the above 
argument i equals —i and thus i G Jun- q-e.d. 

For this section, let y G ^(G,/co) be an extension of x G ^^(H, /cq); i-e- 

LF(a;,^) = LF(j/,g)n&. (4.1) 

We want to show that LF(?/, g) is a direct sum of Lie algebra filtrations of where i 
runs over J. The element a; is a vector of elements Xi G ?S>^{lli, ko) for i G Jun+- 

Lemma 4.4 The idempotents Ij are elements of LF(y, g)(0). 

Proof: Case 1: We firstly consider an index i G J-f . Ij — l_j is an element of 
LF{xi,^)i){0), thus an element of LF(y,g)(0) by (4.1) and therefore 

li + l_i = (l,-l_0'GLF(y,g)(0). 

Hence 1^ and 1-i are elements of LF(y, g)(0) since 2 is invertible in o^. 
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4.1. Factorisation 



Case 2: We take an index i £ J^n and we assume that Pi is not zero. Since /3i G Ei 
is skewsymmetric we have for all t € R 

Pi LF{xi , ~^i) (t) = LF{xi A)it + u{Pi)) 

and 

PiLFixiAm = LF{xi,k){t + u{l3i)) n Sym{^i,(Ti). 

By the invertibility of 2 in Ofc every element of LF{xi,^i){t) is a sum of a skewsymmetric 
and a symmetric element of LF{xi,^i){t). Thus we obtain 

LF{xiA){0) = LF{xi,km + l3iLF{xiA){-i'{Pi)) 

C LF{y, 3)(0) + LF{y, 9)(i^(A)) LF(2/, 3)(-i^(A)) 
CLF(y,9)(0) 

and the ith idempotent 1^ is an element of LF(y, g)(0). 

Case 3: If there is an index ig such that /3ig = 0, by lemma 4.3 it is unique, and the 
two cases above imply 

lio = l-^l, GLF(y,g)(0). 

q.e.d. 

The idea of the proof of case 2 is taken from [BS09, 11.2].. 

Corollary 4.5 The 0£)-lattice function of y splits under (Vi)jgj and y is in the image 
of the injective, affine and niej„„+ Gi(A:o)-equivariant CLF-map 

which is defined by taking the direct sum of the self-dual lattice functions. 
The fixed element y is in the image of ipj, i.e. 

y = i'jiiyi)ieJun+) 

for some 

{yi)^^\ n Gi,ko)= n ^\Gi,ko). 

We now prove property (4.1) for the coordinates. 

Lemma 4.6 For all i G Jun+ we have 

LF(xi,^i) = nLF(yi,3j. 
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4. Uniqueness results 



Proof: Let teR.We have 

i 

= LF(y,9)(t)n& 

= (LF(y,g)(i)nn9jn^ 

i 

= (nLF(y,,gJ(i))n(ny 

i i 

= n(LF(yi,g,)(t)ny. 

i 

Thus we have for aU indexes i £ Jun+ and for all t G M the property 

LF(a;i,^0(0 = LF(j/,,g,)(i)n&,. 

q.e.d. 

The last two lemmatas lead to a factorization of a CLF-map. More precisely we can 
prove the following proposition. 

Proposition 4.7 If j is a CLF-map from ^^(H, fco) io ^(G,fco) there is a unique map 
t: 5S^(H, A;o)^35^( JJ Gi,ko) such that j = ipj o t. 

The map r is 

1. a CLF-map, 

2. affine if j is affine, and 

3. li{ko)-equivariant if j is 1i{ko)-equivariant. 

Proof: The value j{x') of a point x' is an extension of x' and lies in the image of V'j 
by corollary 4.5. The injectivity of ipj implies the unique existence of r. In addition to 
the injectivity the map t/^j is affine and nieJ„„+ Gj(A;o)-equivariant which implies 2 and 
3. q.e.d. 

Remark 4.8 The proposition allows us to reduce proofs to the case where Jun+ has 
only one element, i.e. where E is a field or a product of two fields which are switched by 
a. The first case corresponds to a non-empty Jun and the second case to a non-empty 

4.2. Uniqueness if Jgl 's empty 

Theorem 4.9 Assume that Jql is empty and that no Hj is ko-isomorphic to 02^^.^^ . 
There is exactly one CLF-map from SS^(H, /cq) to SS(G, /cq)- Indeed we have the 
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4.2. Uniqueness if Jql is empty 

stronger result that j^{x) = y if y is an extension of x. 

By remark 4.8 it is enough to prove the theorem for the case where is a field. We 
only have to ensure that 02'^^^ does not occur among the . 

Lemma 4.10 Under the assumptions of theorem 4.9 no group Gj is feo-isomorphic to 

Proof: If Gj is fco-isomorphic to O'^2ko then /3j has to be zero by remark 3. 19 [3.] 
because Ei is stable under a, i.e. Hj equals Gj and is feo-isomorphic to 02*^0 which is 
excluded by the assumption of the theorem, q.e.d. 

Theorem 4.9 will be proven by two steps. 

Proposition 4.11 (Compare with [BS09, 11.2]) Theorem 4-9 is true if E is a field and 
P is not zero. 

Proof: If y is an extension of x we have by the same argument as in case 2 in the 
proof of lemma 4.4 that 

LF(x,|)(i)CLF(y,g)(t). 
We now apply theorem 3.16 and obtain 

if we consider element of 33(H, E) and y as an element of ^(G, k). Thus for every 

X G ^^(H, ko) there is only one extension in ^(G, ko). q.e.d. 

Lemma 4.12 The theorem is true if (3 is zero. 

For the proof we need the following operation on square matrices. 

Definition 4.13 For a square matrix B = (bij) G Mr{D) the matrix B is defined to be 
{br+i-j,r+i-i)i,j, i-©- B is obtained from B by a reflection on the antidiagonal. 

Proof: If a is of the second type there is a skcwsymmctric non-zero element /3' in k 
and we can replace (3 by /3' and apply theorem 4.11. Thus we only need to consider a 
to be of the first kind. We fix a point y G ^(G, ko) and fix an apartment containing y. 
This apartment is determined by a Witt decomposition and thus determined by a Witt 
basis (wi) by corollary 1.20. The self-dual 0£)-lattice function A corresponding to y is 
split by this basis and is thus described by its intersections with the lines WiD, i.e. there 
are real numbers aj such that 
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4. Uniqueness results 

Thus the square lattice function of A is 

End(A)(t) = 0pg+"^-"^)'^+£;,,,- 

where Eij denotes the matrix with a 1 in the intersection of the ith row and the jth 
column and zeros everywhere else. See for example [BL02, 1.4.5]. 

What we have to show is that End(A) is determined by the Lie algebra filtration 
LF(y, g). This is enough since the self-dual square lattice function of a point determines 
the point uniquely. The Gram matrix Gram(^.)(/i) of the e-hermitian form h has the 
form 

M \ 
eM 

on) 

with M := antidiag(l, . . . , 1) and a diagonal regular matrix A'^. The adjoint involution 
ofh 

3^8" = Gram(„.)(/i)-^(S'')^Gram(^.)(/i) 
on Mjn{D) has under this basis the form 

Bi,i i?i,2 i?i,3 \ / ^52,2 e(5i,2 eMCl^N \ 

B2,i B2,2 B2,3 ^ eC2,i Ci,i MCl^N . 

B3,i Bs,2 ^3,3 J \ eN-^Cl^M N'^Cl^M N-^Cl^N J 

The matrices Si i, Si 2, ^2,1 and ^2,2 are r x r-matrices and C := Bf where r is the Witt 
index of h. By the above calculation we obtain that Efj is +Eij, —Eij or XE^^i with 
/ (n, /) for some A G . Prom the self-duality of End(A) and since 2 is invertible 
in Ofc we get: 

LF(y, 9)(t) n k{E,, - El^) = ^l'^''^-''^^^ {E,, - E^^). 

For the calculation see the lemma below. Thus we can get the exponent aj — ai from 
the knowledge of the Lie algebra filtration if Ei,j is not fixed by a. We now consider two 
cases. 

Case 1: Wc assume that there is an anisotropic part in the Witt decomposition, i.e. A'" 
occurs. The matrix Ei^^n is fixed by a if and only if i equals m. Thus from the knowledge 
of the Lie algebra filtration we know all differences — am for all indexes i different 
from m, and thus by subtractions we know the differences ai — aj for all i and j. 
Case 2: Now we assume that there is no anisotropic part in the Witt decomposition. 
If e is —1, no Eij is fixed and we can deduce the differences ai — aj for all i and j and, 
as a consequence, we only have to consider the case where h is hermitian and D = k. 
Here the matrix Eij is fixed by a if and only if i + j = m + 1 . Thus we can determine all 
differences ai — aj where i + j 7^ m + 1. If m is at least 4 for an index i there is an index 
k i with i + k m + 1 and we can obtain ai — am+i-i if we substract at — Om+i-i 
from ai — ak- The only subcase left is when m equals 2 and e is 1. Here the group G is 
/c-isomorphic to O^^j^. which is excluded by the assumption of the theorem, q.e.d. 
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4.2. Uniqueness if Jql is empty 



To complete the proof we need the following lemma. 
Lemma 4.14 For alH G M we have 

Proof: For an element x of A; we have: 

X G p^f' ^ if and only if 

.(X) > LJ- 

There are integers / and k such that 

[td]+ = ld + k and 1 < k < d, 
and thus = Z + 1 and we get that 

i^{x) > if and only if i^{x) > [t] + . 

The "only if" follows from u{x) G Z. q.e.d. 

The proof of theorem 4.9 follows now from lemmas 4.10 and 4.12 and proposition 4.11. 

Corollary 4.15 For an index i G Jun the following statements are equivalent. 
1. Hj is fco-isomorphic to O^^^ 
2. 



\IS 

',,ko 



A = 0,fc = fco = -D,dimfc V- = 2,e = 1 
and the Witt index of hi is 1. 

3. Gj is fco-isomorphic to O^2,ko ■ 

4. There are at least two CLF-maps from SS^(Hj, ko) to ^^(Gj, ko). 

5. There are infinitely many CLF-maps from 58^ (Hj, ko) to ^^(G^, ko). 

Proof: That 1. follows from 3. is a consequence of lemma 4.10. Prom 1. follows 5. 

because we have infinitely many translations of ^^(Ol^^y, ko). 5. implies 4.. We did not 
use that G is not O2,iko proofs of lemma 4.12 and theorem 4.11. Thus we obtain 

from 4. the statements 1., 2. and 3.. 3. follows from 2. obviously. We summarise: 

3.^1.^5.^4.^2.^3.. 

q.e.d. 
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4. Uniqueness results 



4.3. The image of a CLF-map 

Proposition 4.16 The image of a CLF-map from ^^(H, ko) to 5S(G, ko) is a subset of 
the set of OE-OD-lattice functions. 

Proof: By proposition 4.7 we can assume that 

Jun+ — 

Case 1: We assume i G Jun- If P is zero we have E = k and therefore the -action 
is trivial. If (3 is non-zero there is only one CLF-map by theorem 4.9 and it fullfils the 
assertion by theorem 3.26. 

Case 2: We assume i G J+. Let y G ^(G, ko) be an extension of x G 93^(H, ko). The 
lattice function A of y splits under (V^, V-i) by corollary 4.5 and by the self duality we 
only have to pove that A n 14 is an 0£;.-lattice function. The building 

^\li,ko) =?d\Gl.E,®,D{Vi),Ei) 

is identified with the set of lattice functions over a skewfield whose center is Ei. Thus 
we get 

• a - G LF(x,^))(0) C LF(y,g)(0) for all a G o^., 
. TTE, - G LF(x,f))(i) C LF(2/,g)(i) and 

• -^'eI - {-^'eIY e LF(^,^)(-i) C LF(y,g)(-i) 

where e is the ramification index of Ei\k and tte- is a prime element of Ei. We conclude 
that IjA is an o^.-lattice function, q.e.d. 

4.4. Rigidity of Euclidean buildings 

Definition 4.17 Let 5 be a set with affine structure. An affine functional f on S is an 
afiine map from S to M, i.e. 

f{tx+il-t)y)=tfix) + {l-t)fiy) 

for all t G [0, 1] and x,y e S. 

We analyse affine functionals on the buildings ^(G, A:o) and ^^(G, k). At first we give 
the general statement. 

Proposition 4.18 Let be a thick Euclidean building and |0| be its geometric realisa- 
tion, then every affine functional a on \Q\ is constant. 

For the definition of a Euclidean building and its geometric realisation see [Bro89, VI. 3] 
or chapter 9 in part 2. We use the following properties of a thick Euclidean building in 
the next proof. 
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4.4. Rigidity of Euclidean buildings 



Remark 4.19 1. A building is a chamber complex, especially two arbitrary cham- 
bers are connected by a gallery. 

2. The thickness, i.e. at every corank 1 face S there are at least three different 
chambers which have S' as a common subface. 

3. The geometric realisation of a Euclidean building of rank r has an affine structure 
and the geometric realisation of an apartment is affine isomorphic to R'^~^. 

4. For two arbitrary faces there is an apartment containing them. 

5. If S and S' are two apartments containing a chamber C there is an isomorphism 
of simplicial complexes from S to S' which fixes the intersection of S and S'. It 
induces an affine isomorphism between the geometric realisations. 

Proof: (of 4.18) Assume that we are given three vertices Pi, P2 and P3 of adjacent 
chambers Ci, C2 and C3, more precisely the three chambers have a common codimension 
1 face S and the vertex Pi G Ci does not lie on S. The line segment [Pi,P2] meets 
[Pi, P3] and [P2, P3] in a point Q £ S. This is a consequence of 4. 19 [4., 5.] as follows. We 
are working in three different apartments simultaneously. If Aij denotes an apartment 
containing Q and Cj, for different i and j, the affine isomorphism from IA12I to |Ai3| 
fixing |Ai2 n A13I sends [Pi,P2] to [Pi,P3] and thus the unique intersection point in 
[Pi, P2]n|Ci|n|C2| lies on [Pi, P3], and analogously on [P3, P2]. Without loss of generality 
assume that a{Q) vanishes. If a(Pi) is negative then a(P2) and a(P3) are positive by 
the affiness of a. Thus a{Q) is positive since it lies on [P2,P3]. A contradiction. Using 
galleries we obtain that a is constant on vertices of the same type. An apartment is 
affincly generated by its vertices of a fixed type. Thus a is constant on every apartment 
and therefore on q.e.d. 

We remind again that G is not fco-isomorphic to Of^.^ . 

Proposition 4.20 Every affine functional on ^{G,ko) is constant. 

Proof: If G is totally isotropic then ^(G,A;o) is a point and otherwise it is the 
geometric realisation of a thick Euclidean building. Now we apply proposition 4.18. 
q.e.d. 

Proposition 4.21 1. A -invariant affine functional a on ^^{G,k) is constant. 

2. Every k^ -invariant affine functional on ^^{02^k,k) is constant. 
Proof: 

1. We can consider a as a map on 5&(G, fc), because the fibers of a are unions of classes 
of 0£)-lattice functions. Now we apply proposition 4.18. 
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2. It follows from part 1, because 
by a fc^-equi variant affine bijection. 

q.e.d. 

4.5. Uniqueness in the general case 

In this section we want to generalise theorem 4.9 to the case where there are no restric- 
tions on J. CLF-maps can differ by translations in the following sence. 

Definition 4.22 1. Fix a natural number n and a real number s. A translation of 
95^ (G, k) by s is a map 

t: Sd^{G,k)^^\G,k) 

defined by 

t{A) := A + s 

in terms of 0£)-lattice functions of V. Here A + s denotes the lattice function 

r !->■ A(r — s). 

This also defines translations on ^^{Otf^^,k) = ^^(G^,fe). 

2. We only call the identity of ^(G, ko) a translation of ^(G, ko). 

3. A translation of ^^(H, ko) is a product of translations ti of ^^(Hj, ko) where i runs 
over Jun+- 

Remark 4.23 A translation of ^^(H, ko) is H(fco)-equi variant if there is no H, fco-iso- 
morphic to O^2,ko ■ Otherwise we get k = ko and such a translation is 

( n X {oi%)\k)- 

and especially H°(A;)-equivariant, but in general not H(fc)-equivariant, see 3.23. 

Let j be a map from ?d^(il,ko) to ?d{G,ko) constructed as in the proof of theorem 
3.26. 

Theorem 4.24 If cf) is an affine and Z('H.^{ko))-equivariant CLF-map from 
^^{U,ko) to ^{G,ko) then j ^ o (j) is a translation of ^^(H, fco)- -^'^ terms of lattice 
functions the image of (j) is the set of self dual OE-oo-lcittice functions on V and (f) is 
tl^{ko)-equivariant. 
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Proof: The image of i;^ is a subset of the image of j which is the set of selfdual oe- 
OD-lattice functions by 4.16 and 3.26, especially r := o0 is well-defined. We prove in 
the lemmas below that r is a translation. A translation is a bijection and we conclude 
that (/) and j have the same image. The H°(A;o)-equivariance of follows because j and 
r are H°(A;o)-equivariant. q.e.d. 

We work with the notation of the theorem and its proof. The coordinates of r are 
denoted by r^, i G Jun+- 

Lemma 4.25 The coordinate Tj only depends on Xj. For all i G Jun for which 0'2^^g is 
not /cQ-isomorphic to Hj we have Ti{x) = xi for all x G 35^ (Hj, ko). 

Proof: We have to look at three cases. 
Case 1: For the indexes i in J„„ for which H, is not /co-isomorphic to 02*^^ we know 
by theorem 4.9 that Ti{x) equals Xi. 

Case 2: We assume that we have an index i G J„„ such that Hj is /cQ-isomorphic to 
02''^^ . In this case we have k = k^. A lattice function A corresponding to a point of the 
building (O2 fc, k) is identified with a real number, see remark 2.65. If we fix an index 
t G J \ {z} and coordinates x; for Z G J \ {t} then the map 

Xt ^ Ti{x) 

is constant by proposition 4.20 or 4.21 and thus Tj does not depend on xt- 

Case 3: In the case of i G J+ an analogous argument like in case 2 applies. The affine 

map we use is the map ai defined by 

Kiix) = Ki +ai{x). 

q.e.d. 

The last lemma allows us to define a map fj by 

fi{xi) := Ti{x), X G ^^(H, ko). 

Lemma 4.26 The map fj is a translation. 

Proof: We firstly consider an index i G J^n such that Hj is /cQ-isomorphic to 
. We identify ^HOi%,ko) with M. In this case we have k = ko and the S02{k)- 
equivariance of Tj gives 

fi{Xi + 1) = fi{Xi) + 1. 

The affineness property implies that fj is a translation. For i E J+ the map Oj in case 3 
of the preceding proof is an affine functional and the A; ^-equi variance of implies the 
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/c^-invariance of Cj, because one gets in terms of lattice functions 

TTfcA + aiiiTkA) = fi(7rfeA) 
= 7rfcfi(A) 
= A + ai(A) - 1 
= 7rfcA + aj(A) 

. Thus tti is constant by proposition 4.21. q.e.d. 

4.6. Generalisation to the non-separable case 

All theorems and propositions of the preceding sections of chapter 3 and 4 work if 
we forget all the separability assumptions, but we have to explain the definition of 
the enlarged Bruhat-Tits building of the centraliser. This definition was introduced in 
[BS09]. 

Case 1: We firstly summarise changes of subsection 3.2.1. We assume that E is 
commutative, semisimple and not separable over k. We define 

• ^{GE,k) (resp. ^^{GE,k)) to be the product (3.2) (resp. (3.3)), 

• GE{k) := G{k) n Ge and 

. LieiGEm :=ZLie(G){ik)(^)- 

Case 2: We now come to the case of a unitary group, i.e. we come to subsection 3.2.2. 
Let us assume that k[l3] is semisimple but not separable over k. In this case H := is 
well defined but not reductive. We define 

• (H, ko) to be the product 

n ^'(U(cT|End,,^,,(y,)),(^i)o) X ]l^\GLE,^MyihEi). (4.2) 

• U{ko) := G{ko) n H, H°(A:o) := G{ko) n H° and 

• Lie(H)(A;o) := ZLie(G)(ifco)(^)- 

As in 3.9 and 3.10 we define the Lie algebra filtration of a point x = {xi)i as the direct 
sum of the Lie algebra filtrations of the x,. Also for the non-separable case we have the 
definition of a CLF-map. A map j between a subset of the (enlarged) building of GE{k) 
and a subset of the (enlarged) building of G{k) is a CLF-map if for every element x of 
the first and y of the second building with j{x) = y or j{y) = x the equality 

LF{y, G, k)it) n Ue{GE)ik) = LF{x, Ge, k){t) 

holds for alH G M. Analogously for the unitary case. 
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4.6. Generalisation to the non-separable case 



Theorem 4.27 The theorems 3.26, 4-9 and 4-24 are still valid if one assumes k[P] to 
be semisimple but not necessarily separable over k. 

Proof: The proofs of the mentioned theorems are vahd without changes, q.e.d. 
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In this chapter we use the notation of subsection 3.2.2 but we skip the assumption that j5 
is separable. We only assume that E is semisimple over k and wc apply the conventions 
and definitions of section 4.6 in the case that (3 is not separable. 

Definition 5.1 A map 

/: «i(Gi,A;o)^«^(G2,A;o) 

between two enlarged buildings of reductive groups defined over /cq is called toral if for 
each maximal /cQ-split torus S of G\ there is a maximal fco-split torus T of G2 containing 
S such that / maps the apartment corresponding to S into the apartment corresponding 
to T. An analogous definition applies to maps between non-enlarged buildings. 

Proposition 5.2 The map j constructed in the proof of theorem 3.26 maps apartments 
into apartments. Further j is toral if j3 is separable. 

The proof is divided into two cases. Because of the construction of j as a direct sum 
of maps it is enough to restrict to the following two cases. 

1. case 1: Jo+ = J+ = {i} and 

2. case 2: Jo+ = Jo = {i}- 

Proof: [Case 1] We assume that Jo+ = J+ = {i}. By [BL02, 5.1] the map 0gl,i from 
SSi(H,A;o)to 

^\Gl.D{Vi), k) = ^\KeSk\k,{Gl.D{Vi)), ko) 

mentioned in the proof of lemma 3.29 maps apartments into apartments and further is 
toral if Ei\k is separable. We prove that the map ct)GL,2 from S8^(ReSfc|fc,)(GL/)(Vi)), /cq) to 
S8^(G, ko) is toral. A maximal fe-split torus S of GLij(Vi) corresponds to a decomposition 
of Vi in one-dimensional A;-subspaces, i.e. there is a decomposition Vi = ®iVi^i such that 

S{k) = {5 G GL^(F,)| g{Vi,i) C Vi^i for aU /}. 

Let V-i^j be the subspace of V-i dual to Vi^j and let T be the torus given by the decoom- 
position 

Under the canonical embedding of GL£)(VJ) into GLoiy) 

g^g^ig^'^-T^ (5.1) 
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the set S{k) is mapped into T{k) and the image of the apartment of S under 

A G LattJ^(Fi) ^ A e A#'^-' Latt;,(F). (5.2) 

is a subset of the apartment of T. Let 5" and T' be the maximal feo-spht subtori of 
ReSfc|feg(5') and ReSfe|fc(,(r) respectively. The set S'{ko) is mapped into (T'nG)(A;o) 
under (5.1). The image of (5.2) only consists of selfdual lattice functions. Hence (j>GL,2 
seen as a map from SS^(Res/j|feg(GL£)(Vi)), feo) to SB^(G,A;o) is toral. q.e.d. 

We make the following definition for the proof of proposition 5.2 in case two. 

Definition 5.3 Assume we have given a decomposition 

V = v'+ ® V'- e 

such that F'+ and V'~ are maximal totally isotropic and F'"*" V'~ is orthogonal to V'^ 
with respect to h. A maximal /cQ-split torus T of U(/i) is adapted to {V'^ ,V'^ ,V'^) if 
there is a Witt decomposition {V'^) corresponding to T with anisotropic part V'^ such 
that 

®k>oV'^ = V'+ and efe<o V"" = V'. 

An apartment of 95^ (G, ko) is adapted to {V'+ ,V'- ,V'^) if every lattice function in this 
apartment is split by (F'+, V'~, F'°). 

Proof: [Case 2] Here we assume Jo+ = Jo = {i}- Thus we have E = Ei. There is a 

central division algebra A over E and a finite dimensional right vector space W such 
that EndE0j.£)(y) is i?-algcbra isomorphic to EndA(M^). We identify the £^-algebras 
'Er[.dE®^.D{y) and EndA(VF) via a fixed isomorphism and we fix a signed hermitian form 
He which corresponds to the restriction ge of a to the E'-algebra EndA(VF). Let r be 
the Witt index oihE- We fix a decomposition 

W = {W+ W-) W° (5.3) 

such that and W~ arc maximal isotropic subspaces of W contained in the orthogonal 
complement of W'^. Let e+,e_ and cq be the projections to the vector spaces W'^,W~ 
and via the direct sum (5.3). We define 

V+ := e+F, y- := e'V and V° := eV. 

Consider the following diagram. 

^\'il,ko) 4 ^HG,ko) 

t t 
^\V{{hE)\woxWo),Eo)xfd\GLA{W+),E) 4 ^\lJ {h\yo ^yo) , ko) x 

^HGLD{V+),k) 

i i 
SS(GLa(VF+),^) ^ fS>iGLDiV+),k) 
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where the rows are induced by j. The lower horizontal arrow fulfils the CLF-property and 
its image only consists of fixed points of ^{G'Ld{V^), k), both properties inherited 
from j. Thus the map in the last row is j^, i.e. the inverse of Je, because otherwise 
we could construct a CLF-map from S8(GLz)(y+), fc)^"" to ^{GLa{W+),E) different 
from Je, but such a CLF-map is unique by [BL02, II. 1.1.]. Now maps apartments 
into apartments which implies that j maps apartments adapted to (W^, , W^) into 
apartments adapted to {V'^,V~ ,V^). 

We now prove that j is toral if E\k is separable. Let us assume that E\k is separable. 
This implies that the last row is toral by [BL02, 5.1] which implies the torality of 
a because the only maximal E'o-split torus of \J {(hE)\wOxWo) the trivial group. The 
torality of a implies the torality of j on tori adapted to {W"^, W~, W^). Hence j is toral 
because the triple (1^''", W~, W'^) was choosen arbitrarily, q.e.d. 
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6. Summary of the main theorems 



In this section we just want to summarise the main results of part 1 in one theorem. See 
definition 1.22 of a local hermitian datum and see 4.22 for the definition of a translation. 

Theorem 6.1 Let 

{{A,V,D),p,ko,h,e,a) 

be a hermitian datum over a local non- Archimedean field k of residue characteristic 
different from 2. Let (3 be an element o/Lie(U(/i))(fco) such that E := k[P] is semisimple 
over k. We put G := U(/i) and H := Gjs . 

1. There is an infective, affine and li{ko)-equivariant CLF-map 

j :Sd\H,ko)^^\G,ko) 

such that: 

a) j maps apartments into apartments and is toral if P is separable, 

b) in terms of lattice functions the image of j is the set of self dual OE-OD-lo-ttice 
functions, 

2. If j and j' are two affine, ZCH.^ (ko))-equivariant CLF-maps then there is a trans- 
lation T o/35^(H, /co) such that 

j = f O T. 

Both maps are ll^{ko)-equivariant and their image is the set of selfdual oe-od- 
lattice functions. 

3. The k-algebra E is a product of fields Ei. Assume further that every E-i is invariant 
under a (i.e. J = Jun)- Let Ij be the one element of Ei, Vi := liV and let Hj be 
the centraliser of li/3 in U(/i|vjxyJ- If no Hj is k^-isomorphic to O2^ko ^^^^^ there 
is exactly one CLF-map j from ^d^(H, /cq) to S3^(G,A;o). This map is denoted by 
/■ 

This theorem follows from the theorems 3.26, 4.9, 4.24 and 4.27 and the propositions 
3.21 , 3.22, 5.2. 
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Part II. 

Embedding types and their geometry 
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7. Introduction and notation 



7.1. First remark 

This part answers a question that naturahy arises from the papers of M.Grabitz and P. 
Broussous (see [BGOO]) and P. Broussous and B. Lemaire (see [BL02]). For an Azumaya- 
Algebra A over a non-archimedcan local field F, M. Grabitz and P. Broussous have 
introduced embedding invariants for field embcddings, that is for pairs {E,a), where E 
is a field extension of in yl and o is a hereditary order which is normalised hy . On 
the other hand if we take such a field extension E and define B to be the centraliser of 
E in A, then G := A^ and Ge '■= are sets of rational points of reductive groups G 
and H defined over F and E respectively. P. Broussous and B. Lemaire have defined a 
map jE '■ ^{G,F)^ ?d(H.,E), i.e. between the Bruhat-Tits buildings of G over F 
and H over E, see section 2.2 and theorem 10.2. The task Prof. Zink has given to me 
was to relate the embedding invariants to the behavior of the map je with respect to 
the simplicial structures of SS(G,F) and ?d{il^E). 



7.2. Notation 

1. The letter v denotes the valuation on F with v{'itf) = 1- 

2. We assume to be a finite dimensional central division algebra over F of index d. 

3. We fix an m dimensional right D vector space V, m and put A := End£)(y). 
In particular F is a left A (g)^? £)°P-module. 

4. The letter L denotes a maximal unramified field extension of F in D and we assume 
that ttd is a uniformizer of D which normalizes L, i.e. the map 

generates Gal(L|F). 

5. For a positive integer f\d we denote by Lf the subfield of degree / over F in L. 

6. In this part all Oi?/-lattice functions on a vector space over a field F' have period 
1, i.e. we have 

ttf'M^) = + !)• 

This is different to part 1. 
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8.1. Vectors and Matrices up to cyclic permutation 

Remark 8.1 All invariants which are considered in this part are vectors or matrices 
modulo cyclic permutation. 

Definition 8.2 Let s be a positive integer and R be an arbitrary non-empty set. Two 
vectors w,w' G i?^^* are said to be equivalent if w' can be obtained from w by cyclic 
permutation of the entries of w, i.e. 

w' = {wk, ...,Ws,wi,.. .,Wk-i) for a A; € N^. 

The equivalence class is denoted by {w) . 

Vectors: We denote by Row(s, t) the set of all vectors G Nq whose sum of entries 
is t, where s and t are natural numbers, i.e. 

s 

Wi = t. 

•t=l 

One can represent the class {w) of a vector w G Row(s,t) by pairs 

pairs((iw)) := {{wi^^h -iq), {wi^ ,12-11),..., {wi^^ ,io + s-ik)), 
where {wi.)Q<j<k is the subsequence of the non-zero coordinates. Given a vector w with 

pairs((u;)) = ((oq, 60), ■ ■ ■ , {ak,h)) 
we define the complement of (w), denoted by {wY to be the class {w'), such that 
pairs((w;')) = ((60, ai), (61,02), (62,03),. . . , (6fc,ao)). 

This is a bijection 

{f: Row(s,t)/ ^Row(i,s)/ ~ . 

Matrices: For r, s, t G N, Mj-^sit) denotes the set of r x s-matrices with non-negative 
integer entries, such that 

• in every column there is an entry greater than zero, and 
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• the sum of all entries is t. 
For a matrix M = {rriij) G Mr,s(t), we define the vector row(M) G Row{rs,t) to be 

(mi,i, mi,2, . . . , mi,s, m2,i, . . . , m2,s, . . . , mr,s). 

Two matrices M,N G Mr,s(t) are said to be equivalent if row(M) and iow{N) are. The 
equivalence class is denoted by (M). 

Example 8.3 
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8.2. Hereditary orders and lattice chains 

In the next section we need the concept of hereditary orders and lattice chains. As 
references we recommand [Rei03] for hereditary orders and [BL02] for lattice chains. We 
use definition 2.3 of a full ou-lattice. We omit the word full. 

Definition 8.4 A unital subring a of A, is called an op-order of A a is an OiT'-lattice of 
A. Wc call an Oir-ordcr a hereditary if the Jacobson radical rad(o) is a projective right-a 
module. The set of all hereditary orders is denoted by Hcr(yl). For o G Her(A) we denote 
by lattices (o) the set of all o^-lattices F of F such that aF C F for all a G o. 

Definition 8.5 1. Let -R be a non-empty set, and take r G N. Given non-empty 
subsets Rij of R, {i,j) G N^, and natural numbers ni,...,nr, we denote by 
(i^ij)"!' - '"'' the set of all block matrices in My^r „.{R), such that for all 
the (i,j)-block lies in M„.,„^.(i?j.j). 

2. Given r G N, rl = (ni, . . . , n^) G N^, we get a hereditary order 

o" := where 



Ri,j ■- 



OD, ifi<« 



3. A hereditary order of Mjn{D) of this form is called in standard form. The class 
(n) is called the invariant and r the (simplicial) rank of o". 

If we say that sets are conjugate to each other, we mean conjugate by an element of 
A^ . The proof of the next theorem is given in [Rei03]. 

Theorem 8.6 We fix a D-basis of V and identify A with M^(D). 

1. Two hereditary orders in standard form of A are conjugate to each other if and 
only if they have the same invariant. 
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2. Every a G Her(^) is conjugate to a hereditary order in standard form. 

By this theorem the notion of invariant and rank carries over to every element of 
}ier{A) and they do not depend on the choice of the basis. 

Definition 8.7 A sequence (rj)jgz of lattices of V is called an oo-lattice chain in V if 

1. for all integers i, we have Tij^i ^ Fj, and 

2. there exists a natural number r such that for all integers i we have r^TT/j = Fj+r- 
We call r the rank of the lattice chain. For a lattice chain F we put 

lattices(F) := {F,i i e Z}. 

Two lattice chains F, F' are called equivalent if lattices(F) and lattices(F') are equal. 
We write [F] for the equivalence class. We define an order by [F] < [F'] if lattices (F) is 
a subset of lattices(F'). The set of all lattice chains in V is denoted by hCoj^iV). 

Remark 8.8 For every lattice chain F in V, the set 

Or := {a G ^1 Vi e Z : aFj C Fj} 

is a hereditary order of A. 

Theorem 8.9 [BF83, (1.2.8)] [F] i— )■ Or defines a bijection between the set of equivalence 
classes of lattice chains in V and the set of hereditary orders of A. We have: 

[F] < [F'] <^ Or 2 Or' 

In this part we need the definition of Lattoj^iV) given in 2.17 of part 1. We put 
Oa := End(A) to emphasize that we mainly are interested in a filtration "around" a 
hereditary order than a lattice function of A, see 2.1.2. We also put 

rank([A]) := rank(A), 

see 2.4, and 

lattices (A) := im(A) 

for 

AGLatti^(F). 

8.3. Embedding types 

For a field extension E\F we denote by Ed\F the maximal field extension in E\F, which 
is F-algebra isomorphic to a subfield of L. Its degree is the greatest common divsor of d 
and the residue degree oi E\F. 
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Definition 8.10 An embedding is a pair {E,a) satisfying 

1. £^ is a field extension of F in A, 

2. is a hereditary order of A, normalised hy . 

Two embeddings {E, a) and (E' , a') are said to be equivalent if there is an element g £ A^ , 
such that gEjjg"^ = E'jj and gag"^ = a'. 

Remark 8.11 In each equivalence class of embeddings there is a pair such that the field 
can be embedded in L. 

The definition of M^^s (t) is in the previous section. Until the end of this section we fix 
a £)-basis of V and identify A with Mm{D). 

Definition 8.12 Let f\d and r < m. A matrix with / rows and r columns is called an 
embedding datum if it belongs to Mj-^r("^)- Given an embedding datum A, we define the 
pearl embedding as follows. The pearl embedding of A (with respect to the fixed D-basis 
of V) is the embedding {E,a), with the following conditions: 

1. [E:F]= f, 

2. £^ is the image of the monomorphism 

xeLf^ diag{Mi{x), M2{x), Mr (x)) G Mm{D) 

where 

Mj{x) = di8.g{a''{x)lx, .,a\x)lx, .,. . . ,af-\x)lx^ .) 

3. a is a hereditary order in standard form according to the partition m = ni + . . .+nr 
where Uj := X;f=i Ajj. 

Theorem 8.13 [BGOO, 2.3.3 and 2.3.10] 

1. Two pearl embeddings are equivalent if and only if the embedding data are equiva- 
lent. 

2. In any class of embeddings lies a pearl embedding. 

Definition 8.14 Let {E,a) be an embedding. By the theorem it is equivalent to a 
pearl-embedding. The class of the corresponding matrix (Aij)jj- is called the embedding 
type of {E. a). This definition does not depend on the choice of the basis by the theorem 

of Skolcm-Nocthcr. 
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9. The simplicial structure of ^{GLd{V)^ F) 



In section 2.2 wc gave the definition of ^^{GLd{V), F), i.e. of the Bruhat-Tits building 
of GLd(1/) over F. In this part of the thesis we are interested in its simphcial structure. 

9.1. Definitions 

Here we give the basic definitions in order to be able to state precisely the description of 
the Euclidean building of GJjdIV) over F with lattice chains. Basic definitions of the 
notions of simplicial complex and chamber complex are given in [Bro89, Ch. I App.]. 
For the definition of a Coxeter complex see [Bro89, Ch. III]. 

Definition 9.1 A building is a triple {0,,A, <), such that {il, <) is a simplicial complex 
and ^ is a set of subcomplexes of {Q, <) which cover il, i.e. 

(The elements of A are called apartments.) statisfying the following building axioms: 

• BO Every element of .4 is a Coxeter complex. 

• Bl For faces (also called simplicies), i.e. elements, Si and ^2 of ^ there is an 
apartment S containing them. 

• B2 If S and S' are two arpartments containing Si and S2 then there is a poset 
isomorphism from S to S' which fixes Si and ^2 where S for a face S is defined 
to be the set of all faces T < S. 

The minimal faces are the vertices and the rank of a face S is the number of vertices in 
S. The maximal faces are the chambers. Faces of rank two are edges. A building is said 
to be thick if every codimension 1 face is attached to at least three chambers. 

Remark 9.2 A building in this part of the thesis consist either only of one element or 
is thick. 

A Euclidean Coxeter complex is a Coxeter complex (S, <) which is poset-isomorphic to 
a simplicial complex T,{W, V) defined by an essential irreducible infinite affine reflection 
group {W, V). For a face S of a simplicial complex (O, <) the set of all formal sums 

'^v<S,rk{v)=lKv 
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9. The simplicial structure of Sd{GL d{V),F) 



with positive real coefficients such that ^v<S,rk{v)=i^v = 1 is denoted by liSI- The set 

\n\ := U \s\ 

Sen 

is cahed the geometric reahsation of ft. A morphism of simpHcial complexes from (O, <) 
to (ri', <') is a map / : (17, <)— <')) such that for every face 5 G 17 the restriction 
/ : iS— is a poset isomorphism. In [Bro89] the notion of non-degenerate simplicial 
map is used instead of morphism. A morphism / induces a map |/| between the geometric 
realisations, by 

V V 

Definition 9.3 Given two buildings (17, A, <) and (17', A', <') a morphism from the first 
to the latter is a morphism of simplicial complexes such that the image of an apartment 
of A is contained in an apartment of A'. 

As described in [Bro89] VI. 3 there is a canonical way to define a metric, up to a scalar, 
on the geometric realisation of a Euclidean building by pulling back the metric from an 
affine reflection group to the apartment and this defines a canonical affine structure on 
the geometric realisation of the building. The map |(/)| between the geometric realisations 
of two Euclidean buildings induced by an isomorphism (p is affine. 

9.2. The description with lattice chains 

Let 17 be the simplicial structure of 35(GL£)(F), F). We denote 

X:= |17| =Sd{GLD{V),F). 

By theorem 2.27 there is a unique affine and yl^-equivariant bijection from I to 
hattojy{V). We describe the Euclidean building 17 of in terms of lattice chains and 
hereditary orders as it is done in [BL02, 1.3]. 

Proposition 9.4 1. The posets (LCo^(y),<) and (Her(yl),5) are simplicial com- 
plexes of rank m. They are isomorphic via ^'([r]) := Op as simplicial complexes. 

2. A hereditary order is a vertex ( resp. a chamber) if and only if its rank is 1 ( resp. 
m). 

Definition 9.5 A frame of V \s a. set of lines viD^ . . . ,VmD, where Vi,i G Nm, is a 
D-basis of V. If 91 is a frame we say that a lattice F is split by 91 if 

r= 0(rnw^). 
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9.2. The description with lattice chains 

A lattice chain T, lattice function A, hereditary order a is split by 91 if every element of 
lattices(r), lattices(A), lattices(a) resp. is split by 31. An equivalence class is split by 31 
if every element of the equivalence class is split by 91. The set of these classes split by 
91 is called the apartment corresponding to 91 and is denoted by LCo£,(T^)5j{, Her(>l)g{, 
Lattojj{V)sf^ resp.. For the set of these apartments we write 

%iLCoj,{V)), ?((Her(A)) &2((Latto^(y)). 

Definition 9.6 The left action of on the set of o/j-lattices of V, i.e. 

g.r := {57| 7 e T}, 
defines an A^-action on LCoo(y), Latto£,(T^) and Her(yl). 

Proposition 9.7 1. The two triples 

(LCo^(F),2((LCo^(F)),<) & (Her(^),St(Her(^)),D) 
are isomorphic Euclidean buildings via 5'. 

2. is -equivariant. 

3. For every frame 91 the image ofLCojjiV)^ under is Her(^)s){. 
For steps and calculations for the proof see for example [Rei03] . 

Remark 9.8 Every o G Her(^) has a rank as a face in the chamber complex (Her(^), D), 
and this coinsides with the simplicial rank, but we never mean the Oi^-rank of o. 

Prom now on we need the afHne structure on Lattoo(T^), see definition 2.17. Now the 

next proposition explains why one can replace $7 by the building of classes of lattice 
functions. The geometric realisation of LCo£,(l^) can be identified with Latto£,(V^) in 
the following way. We put 

[x\+ := M{z eZ\x<z}, xeR, 
and we define a bijective map 

as follows. A convex barycenter 

Y^m, A>Oand ^/3i = l, 

i 

with vertices [F*] of a chamber of LCo^(F) is mapped to Y^iPi[A.^], where A*(t) := 
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9. The simplicial structure of Sd{GL d{V),F) 

Remark 9.9 The definition of r and proposition 2.29 imply that Latto^(y) inherits 
the same simplicial structure from 0, and from LCoj^iV). 

Proposition 9.10 ([BL02] sec. 1.3) The com,position of the hijection from 
Latto£,(F) to X with t induces an -equivariant isomorphism from 

iLCo,{V)M^Co,{V)),<) 

to the building fl. 

Notation 9.11 By the propositions above we can identify with 

(Her(^),Sl(Her(^)),D). 
Definition 9.12 We call the Euclidean building of . 
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10. The map Je 



Notation 10.1 For this section let E\F be a field extension in A and we set B to be 
the centraliser of E in A, i.e. 

B := Za{E) := {a e A\ ab = ba V6 G B}. 

We denote the Euclidean building of B^ hy Qe and its geometric realisation by Ie- 

The next results are taken from [BL02]. We restate the following theorem in the 
notation of this part. 

Theorem 10.2 [BL02, Thm. II. 1.1. J There exists a unique application Je ■ ^Xe 
such that for any x G and i G M w;e have aj^(^x){'t) = B Ci ax{e{E\F)t). The map Je 
satisfies the following properties: 

1. it is bijecive, 

2. it is a B^ -equivariant and 

3. it is affine. 

Moreover its inverse j^^ is the only map Xg— >X such that 2. and 3. hold. 

We briefly give Broussous and Lemaire's description of je in terms of lattice functions 
but only in the case, where E\F is isomorphic to a subextension Lf\F of L\F. Then 
E 0F L = 0^=Q L coming from the decomposition 1 = J2i=o Ife labeled such that the 
Gal(L|F)-action on the second factor gives cr{lk) = Ife-i for k > 1 and o"(lo) = 
Applying it on the E (giE L-module V, we get V = 0^ V^, := IfcV! 

Remark 10.3 1. B ^ EndA^lVb) and 

2. B^ M^(Ae) 
where := Z£)(L/). 

Theorem 10.4 [BL02, II 3.1. J In terms of lattice functions Je has the form jj^^ {[&]) = 
[A], with 

k 

A(s) :=0e(.--)7ri„ .GM 
k=o ^ 

where Q is an o^^-lattice function on Vq. 
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11. Embedding types through barycentric 
coordinates 



In this chapter we keep the notation from chapter 10. We repeat that Er)\F denotes the 
biggest field extension of E\F which can be embedded in L\F. The centraHser of Ed in 
A is denoted hy Bo- We need a notion of orientation on to order the barycentric 
coordinates of a point in Xe^ ■ 

Definition 11.1 An edge of Q, with vertices e and e' is oriented towards e' , if there are 
lattices F G latticcs(e) and T' G lattices(e'), such that T D T' with the quotient having 
Ki3-dimension 1, i.e. KjT'-dimension d. We write e— )-e'. If x is a point in I then there is a 
chamber C G O such that x lies in the closure of |C|, i.e. in 

U 1^1- 

s<c 

The vertices of C can be given in the way 

61^62^ • ..^em^ei. 
If (/Xj) are the barycentric coordinates of x with respect to (cj), i.e. 

X = ^ ^ l^iS-ii 
i 

then the class (^) is called the local type of x. 

This definition applies for Xe^ as well. The skewfield is then Zd^Ed) instead of D 
and one has to substitute d by [ e^-F ] ■ 

Proposition 11.2 The notion of local type does not depend on the choice of the chamber 
C and the starting vertex e\. 

For the definition of O*^ see section 8.1. 

Theorem 11.3 Let {E,a) be an embedding of A with embedding type (A) and suppose a 
to have rank r. If Ma denotes the barycenter of a inX and {fj,} the local type of jEu{Ma), 
then the following holds. 

1. r[ED : F\iJL G NJ}', and 

2. (row(A)) = {[Ed : F]r/x)'^. 
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11. Embedding types through barycentric coordinates 



Remark 11.4 With theorem 11.3 we can calculate the embedding type from the local 
type. For example take r = 2, / = 6, m = 7 and assume that jEoi^a) is 

3, 2, 1, 0, 0, 4, 2^ 

— bo H bi H 62 H &3 H &4 H ^5 H ^6- 

12 12 12 12 12 12 12 

and thus 

(12/i) = (3,2,1,0,0,4,2) = ((3,1), (2,1), (1,3), (4,1), (2,1)). 
From the complement 

(12^)^= = ((1, 2), (1, 1), (3, 4), (1,2), (1, 3)) = (1, 0, 1, 3, 0, 0, 0, 1, 0, 1, 0, 0) 

applying theorem 11.3 we can deduce the embedding type of (-E, a) : 

/ 1 \ 

1 3 



1 

1 

V / 

For the proof we can restrict to the case where E = Ed and thus B = Bjj- We put 
f:=[E:F], i.e. 

E^LfCL 



and 



F C EC B C A. 



Firstly we need some lemmas. The actions of G on square lattice functions by conjugation 
induces maps 

nig : ri^r^, X g.x 



and 



for q eG. 



Cg : lE-^TgEg-^, y G Latt^^(5) ^ gyg ^ G L&ttl^^^_^{gBg ^ 



Lemma 11.5 \mg\ and Cg induce isomorphisms on the simplicial structures of the Eu- 
clidean buildings, which preserve the orientation, i.e. an oriented edge is mapped to an 

oriented edge such that the direction is preserved. In particular \mg\ and Cg are afRne bi- 
jections, rUg preserves the embedding type, Cg the local type, and the following diagram 
is commutatve: 



3E 
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The following lemma gives a geometric interpretation of the map 
{embedding types}^ {embedding types of vertices} 
(A) ^ (row(A)^). 

Lemma 11.6 (rank reduction lemma) Assume there is a field extension K\F of de- 
gree s in E\F, where 2 < s < m. Let a be a vertex in ^l^^ such that o fl Za{K) is a 
face of rank s in and assume {E, o) has embedding type (A) and {E, o fl Zk{A)) has 
embedding type (A'). Then we get 

row(A) ~ row(A'), i.e. A ~ row(A')^. 

Proof: By lemma 11.5 it is enough to show the result only for one embedding 
equivalent to (-E,a). For simplicity we can restrict ourself to the case of s = 2. The 
argument for s > 2 is similar. We fix a Z)-basis of V. It is {E, o) equivalent to the pearl 
embedding {E\,a\) of A, moreover a\ is M„i(o/;). Now we apply a permutation p on 
{Ex,a\) such that the odd exponents of a in pExp~^ are behind all even exponents, i.e. 
pExp^^ is the image of 

xe Lf t-^ diag(iWni(a;),M„2(a;)), ni := ^ Aj, n2 := ^ Aj 

i odd i even 

where 

M„,(x) = diag(a''(x)lAi,a2(x)lA3,. . . ,a^"'(x)lA^_i) 

and 

For the embedding (E' ,a') obtained by conjugating p{Ex,ax)p^^ with the matrix 

diag(l„i,7r^^l„2) 

we have the following properties. Let K'\F be the field extension of degree two in E'\F. 

• K' is the image of the diagonal embedding of L2 in Mm(-D) and its centraliser is 
M^(Aj^/), where A^^/ := Zd{L2)- This follows because even powers of tt/j commute 
with L2. 

• The intersection of a' with Mjn{^K') is a herditary order in standard form with 
invariant (711,712). The positivity of the integers rij follows from the assumption 
that this intersection is a face of rank 2. 

Since vta^, := 7r|, is a prime element of A^' which normalises L and since the powers 
of a occuring in the description of E' are even we can read the embedding type of 
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11. Embedding types through barycentric coordinates 



{E',a' nMm{AK')) directly. It is the class of 

/ Ai A2 \ 

A3 A4 

Thus the result follows, q.e.d. 

The next lemma shows that changing the skewfield does not change the embedding 
type. 



Lemma 11.7 (changing skewfield lemma) Let D' be a central skewfield over a local 
field F' of index d with a maximal unramified extension field L' normalized by a prime 
element ttd' and assume that V' is an m dimensional right vector space over D' . Denote 
the Euclidean building of GLm{D') by X' and let S, S' be an apartment of X, X' 
corresponding to a basis {vi), (f •) respectively. Then E' is fixed by the image E' of 
the diagonal embedding of in M„j(Z)'). Assume further that E is the image of the 
diagonal embedding of in M^(Z)). Under these assumptions the map = from |S| to 
defined by 

i i 

is the geometric realisation from an isomorphism (j) of simplicial complexes which pre- 
serves the orientation and the embedding type. The latter means that if a' is the image 
of a hereditary order under then the embedding types of (-E', 0) and {E' ,0!) equal. 



Proof: We define ^ to map the class of a lattice chain % with 

i 

to the class of £' with 

i 

We only show the preserving of the embedding type. The other properties arc verified 
easely. We take the two lattice chains £ and £' with corresponding hereditary orders a and 
0'. Applying from the left an appropriative permutation matrix P and an apropritative 
diagonal matrix T (resp. T'), whose entries are powers of the corresponding prime 
element, we obtain simultanously lattice chains corresponding to hereditary orders 6, 6' 
in the same standard form. More precisely T' is obtained from T if ttd is substituted 
by ttd'- Thus (TP^^p-^T-^ 6) and {T PE' p-'^T'-'^ have the same embedding type 
and thus by conjugating back (£', 0) and {E',a') have the same embedding type, q.e.d. 
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We now fix a Z)-basis vi,. . . ,Vm of V and therefore a frame 

:= {R^ := ViD\ 1 < i < m} 

and an apartment S = Her(A)s)^ of 0,. The algebra A can be identified with M^(L'). By 
the affine bijection |S| = M"*"^ which maps 

[A] withA(x)=0pg("+"')^+ 

i 

to 

d{ai -a2,... ,(Xm-i - am), 

we can introduce affine coordinates on | S | where the points of | S | corresponding to the 
vectors 0, (/, 0, . . . , 0), (0, /, 0, . . . , 0), . . . , (0, . . . , 0, /) are denoted by Qi, (52, • • • , Qm- 

Remark 11.8 The vertices of S are exactly the points of 

Qi + ^-Z(Qi-Qi). 

i=2 ■> 

Remark 11.9 For an element g G n^]^(End£)(i?j))^ , i.e. a diagonal matrix, \mg\ in- 
duces an affine bijection of If g is diag(l, . . . , 1, ir^, 1, . . . , 1), with 7r£) in the i-th 
row, the map \mg\ is of the form 

k 

Q + j{Qi+i-Qi), 

where we set Qm+i '■= Qi- 

Example 11.10 Let us assume E is the image of the diagonal embedding of in 
Mm{D), i.e. 

E = {{x,...,x)\ xeLf}. 

Then B and Je simplify, i.e. 

1. B = EndA(W^) with A := Zz)(L/) and W := ®iViA 

2. The geometric realisation of E is a subset of I^^ . 

3. For [A] El we have 

jEm) = [Anw] 

where A n VF denotes the lattice function 

X A(x) n W. 
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11. Embedding types through barycentric coordinates 



4. The image of is the geometric reahsation of the apartment which belongs 
to the frame {viA| 1 < i < m} and in afiine coordinates the map has the form 

X e M"'-^ ^ 7^ ^ 

5. The vertices of Tie are the points of iSgl with affine coordinate vectors in Z"*~^. 
Specificahy the points Pj := jsiQi) are vertices of a chamber of E^. 

6. The edge from Pj to Pj+i is oriented to P^+i. 

Proof: [example] To prove the statements of the example it is enough to calculate Je 
in terms of lattice functions, i.e to show 3. The statements then follow by similar and 
standard calculations. 

For 2: We have |S| C I^^ because for an OD-lattice function A split by 91 the action 
of an element of on A is the multiplication of every lattice A(t) by a fixed element 
X e D^. 

For 3: We use the decomposition 

V = W®aD = W(B Wttd © Wirl ® . . . © Wn-j^^, 

the function 

[F] G X^' ^ [A] G X 
with ^ 

A(x) :=0F(x-^)7ri, 

is afHne and B^-equi variant. By 10.2 it has to be j^^ and thus 

je([A]) = [Anw]. 

The appearence of Je in terms of coordinates follows now from 



q.e.d. 

Proof: (of theorem 11.3) By lemma 11.5 and by theorem 8.13 we can assume that 
we are in the situation of the example 11.10 above and that there is a diagonal matrix 
h consisting of powers of ttd with exponents in N/_i U {0} such that 

{hEh-\hah-^) 

is the pearl embedding of A. We consider two cases for the proof. 
Case 1: o has rank 1, i.e. 

hah-^ = M^(od) = Qi 
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and A is only one column. We get a from Qi by applying m/j-i which is a composition of 
maps nig where g differs from the identity matrix by only one diagonal entry ttjj. Now 
remark 11.9 gives 



m 



.7=1 •' 

where a, := — 1 if 



fc-l k 

i=l i=l 
Thus in barycentric coordinates jE{Ma) has the form 

7 7 + ■ ■ ■ "I J ^rn- 

and therefore the vector 

^ , ^ ^ ) 

fullfils part one of the theorem. If {Xii)i<i<s is the subsequence of non-zero entries we 
define the indexes 

ji:= Xi + ... + X^_^ + 1 
and ji := 1. This are the indexes where the /Xj are non-zero, more precisely from 

i=l i=l 

we obtain for aj the following values: 

= %i = - 1> 3l<3 < jl+i 

and 

«j = (^js = - 1, Js <j<m, 
and thus the subsequence of non-zero entries of f/j, is 

= if -is + k,i2 - ii,i3 - ^2, • • • , «s - is-i)- 
Therefore we get for pairs((/)u)) the expression 

(if -is + h,Xi^),{i2 -ii,Ai2),(i3 - i2, Ajg), . . . , (is -is_i,AiJ) 
and this is precisely (row(A))'^. 

Case 2: Assume the rank r of o is not 1. Here we want to use rank reduction. We 
fix an unramified field extension L'\F of degree rd in an algebraic closure of F. Denote 
by D' a skewfield which is a central cyclic algebra over F with maximal field L' and an 
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11. Embedding types through barycentric coordinates 



L'-normalising prime element ttd', i.e. 



dr-l 
1=0 

ttd'L'tt^} = L' , and vr^f = np- 

The images of L^, L^j under the diagonal embedding of L' in M^(o£)/) are denoted 
by F', E' respectively and the apartment of the Euclidean building Jl' of GLm{D') 
corresponding to the standard basis is denoted by S', i.e. we have a field tower 

and apartments S', S^,, S^, in the buildings X', X^,, X'p, respectively. We then obtain 
a commutative diagram of bijections, where the lines are induced by isomorphisms of 
chamber complexes which preserve the orientation. 



The map =i? is given by 



m—l 



\X 1-^ 



3E 

\^e\- 



F'\ 

3e' 



^ \^E'\ 



m—l 



[d{x+ai)]- 
) 



and =E analogously. Here (cj) is the standard basis of D'"*. Because of lemma 11.7 the 
map =F preserves the embedding type and thus we can finish the proof by applying 
lemma 11.6 on 

X] — yY^pi — ^X]^/. 

More precisely, let Sr be a face of rank r in S^,. Its barycenter has affine coordinates 
in ^Z'""^ and therefore the preimage of it under jpi is a point Si with integer affine 
coeffitients, i.e. it corresponds to a vertex of X' . To emphasise the base field we write 
field extensions as the index of j. Because of 

iE'\F'{Ms,) = 3E'\F'{jF'\F{Sl)) = jE'\F{Sl) 

the theorem follows now from the rank reduction lemma and case 1. q.e.d. 
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Part III. 

AppendiXp references and indexes 
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A. The Weil-restriction 



Good references are [Wei82, 1.3.] and [KMRT98, 20.5] 

Let be a finite separable field extension, and let V be an affine variety defined 
over E. The functor 

B<-^V{E B) 

from the category of commutative F-algebras to the category of sets is represented 
by an absolutely reduced finitely generated -F-algebra see for example the proof in 
[KMRT98, 20.6]. The afhnc variety corresponding to A is called Weil-restriction of V 
from E to F and denoted by ResE\Fi^)- 

Another way to construct the Weil-restriction is the following. One introduces coor- 
dinates in choosing an F-basis in E and the polynomial equations defining V become 
polynomial equations with coeffitients in F. The set of solutions of these equations is the 
Weil-restriction of V from E to F and the map 

eeE>-^ {a{e))a 

induces an isomorphism 

ResE\F{V)= n 

defined over the normal hull of E. Here a runs over the set of -F-algebra monomorphisms 
from E into F. 
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B. The building of a valuated root datum 



The aim of this section is to give the definition of a valuated root datum and its building 
as it is done in [BT72, chapter 6 and 7]. For the theory of root systems see [Bou81, 
chapter IV]. 

Let y be a finite dimensional M- vector space and let $ be a root system in V*. We 
denote its dual root system in V by The reflection of V corresponding to a G $ is 
defined by 

ra{v) := V — a{v)a. 

The Weyl-group of i.e. the group generated by all Va, a G is denoted by ^W. We 
take an invariant positive definite inner product on V and we get a canonical isomorphism 
from V to V* via 

V I— 7- {v, *). 

It transfers the action of to V* . The Wcyl-group stabilizes $ and $. The fixed point 
sets of the orthogonal reflections give a cell decomposition of V, see for example 
[Bro89, chapter 1]. The chambers of V are in one to one correspondence to the bases of 
We fix a basis of Let be the set of positive roots of $ corresponding to this 
basis. 

B.l. Valuated root datum 

Definition B.l [BT72, 6.1.1] Let G be an arbitrary group. A system 

(T, {Ua,Ma)ae'S>) 

is a root datum of type $ in G if the following holds. 

• (DR 1) The sets T and Ua are subgroups of G. The groups Ua are non-trivial. 

• (DR 2) For all roots a, 6 the commutator group [[/„, U},\ is a subset of the group 
generated by all Una+mb where n and m run over all natural numbers for which 
na + mb is a root. 

• (DR 3) If a and 2a are elements of $ then U2a is proper subset of Ua- 

• (DR 4) The set Ma is a right coset of T in G and it holds 

U*_^ := U-a \ {1} C UaMaUa. 

• (DR 5) For all roots a and b and all m G Ma on has mUbm"^ C Uj.^(py 
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B. The building of a valuated root datum 

• (DR 6) The group generated by all Ua with positive root a and the group U~ 
generated by all the other Ua have the property that the intersection of T.U^ with 
U- is {1}. 

A root datum of type $ is generative if G is generated by the union of T and all a G 
i.e. 

G=<TU\JUa> . 

Remark B.2 [BT72, 6.1.2(4), (9), (10)] Given a root datum the cosets Ma, M^a and 
equal and are determined by (T, {Ua)ae^)- Let N be the group generated by T and 
all Ma- There is a group epimorphism 

such that 

One has for example n{Ma) = {fa}- 

The initials DR stand for "donnee radicielle" the name given in [BT72]. Such a root 
datum can be defined for any reductive group defined over k. 

Example B.3 [BT72, 6.1.3] Let A; be a field. 

Step 1: The group SL2(/c) has a generative root datum of type A\ 

(r,Mi,M_i,i7i,i7_i) 

where T is the set of diagonal matrices, Ui (resp. U-i) the set of unitary upper (resp. 
lower) triangular matrices and Mi the set of antidiagonal matrices in SL2(A;). 

Step 2: Let G be a split, affine, connected and simple group defined over k. Wc fix a 
maximal /c-split torus T of G. Let <1> be the set of roots <^(G, T)k of the action of T[h) 
on Lie(G)(/>;). By [Bor91, 18.7] there is a unique family of unipotent connected closed 
fc-subgroups (C/o)a6* of G such that there are ^-isomorphisms 

Oa-. A\k)^Ua 

satisfying 

Inn(t) o Oaix) = ea{a{t)x) for ah x G A^(^), t G T. 
One can choose the maps 6a such that following two assertions hold. 

• For every root a there is an isomorphism from SL2(k) to the subgroup generated 
by Ua and U-a which maps the upper and the lower triangular unitary matrix with 
non-diagonal entry u to 9a{u) and 6-a{u) respectively. 

• For every pair of roots a and b such that a ^ —b there is a family of integers 
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B.l. Valuated root datum 

{Ca,b,n,m) SUCh that 

n,m 

where n and m run over the natural numbers with na + mh G 

The system {T{k), {Ua{k))a&<s>) is part of a generative root datum of type $ in G{K). 

Step 3: Let G be a spht semi-simple connected group defined over k. Then by [Bor91, 
22.10] G is an almost direct product of the minimial closed connected normal /c-subgroups 
Gi of G of strictly positive dimension. A maximal fe-split torus T of G is the image of a 
maximal fc-split torus of Hi Gi where is a maximal A;-split torus of Gi because 
the canonical isogeny 

f:JlGi^G 

i 

is central, see [Bor91, 22.9, 22.6]. / is also separable, i.e. the differential d(>f is surjective, 
and therefore we have 

f{J{G,{k)) = G{k) 

i 

The map d^f is in fact the isomorphism 

®i Lie(Gi) ^ Lie(G) 

and taking X{^{Ti)-%yied points on the left and T-fixed points on the right side we obtain 

®iUe{Ti)^Ue{T). 

Thus 

J{Ti^T 

i 

is separable and we obtain 

f{JlTi{k))=T{k). 

i 

We now take for every i a root datum 

{Ti{k),{Ma{k),Ua{k)),^^^Gm) 

as done in Gj by step 2. We now apply / on the product of the root data and we obtain 
a generative root datum 

{T{k),{Ma{k),Ua{k))a^^^G^T)) 

of type $(G,T) in G{k). 

Step 4: We assume now that G is an afiine reductive group defined over k. Then 
the group G°/Rad(G) is afRne, connected, semisimple and defined over k by [Bor91, 
18.2(ii),Prop. 11.21, 6.8]. Thus we can assume that G is semisimple and connected. Let 
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B. The building of a valuated root datum 

T be a maximal fc-split torus of G. One can choose a maximal torus T' of G which is 
defined over k and contains T by the remark below. T' is split over a finite separable 
extention k' of k. We take := ^{G,T') and the groups U'g^, a G obtained from step 
2. For a G $ := ^{G, T)k wc define Ua as the closed subgroup of G generated by all Ua' 
where a is the restriction of a' to T. The tupel 

(ZG(r)(A;),(C/„(fc))„e$) 

is part of a generative root datum of type $ of G{k). 

Remark B.4 If G is a connected reductive fc-group and T is a maximal A;-split torus of 
G. We can choose a maximal torus of G containing T which is defined over k. 

Proof: A maximal torus S containing T is split over k^'^'f and is a subset of H := 
Zq{T)^, which is normalized by S and A:-closed. Thus by [Bor91, 20.3] H is defined over 
^sep r^Yie separability of k^'^P\k implies that H is defined over k. The theorem [Bor91, 
18.2(i)] ensures the existence of a maximal torus of H which is defined over k. This torus 
contains T and it is a maximal torus of G because it is conjugated to S in H. q.e.d. 

We now come to the definition of a valuation of a root datum. 

Assumption B.5 Let 

RD := (T, {Ua,Ma)aG^) 

be a generative root datum of type ^ of a group G. We put U2a '■= {1} if a E ^ and 
2a ^ 

Definition B.6 [BT72, 6.2.1] A valuation of RD is a family (p = {4>a)ae^ of maps 

0a: ?7a^MU{oo} 

such that the following contitions hold. 

1. (VO) For every a the image of 4>a has at least 3 elements. 

2. (VI) For every a and for every r G M U {oo} the set 

Ua,r ■■= 0~^([r,oo]) 
is a subgroup of Ua and C/a,oo is trivial. For the images one writes 

Ta := (l>aiU*) and F^ := {^a{u) \ u G U*,(f)a{u) = SUp0a(uC/2a)}- 

3. (V2) For every a and for every m G Ma, the function 

u (l)_a{u) — (l)a{mum~^) 

is constant on ?7*„. 
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B.2. Building of a valuated root datum 

4. (V3) For a,b £ ^ with b — M+a and fc, / G M the commutator group [Ua^k^ Uh^i] is 
contained in the group generated by Upa+qb,pk+qh P, <? £ N with pa + qb & 

5. (V4) If a and 2a are in $ the map (p2a is the restriction of 2(j)a on U2a- 

6. (V5) If a G ueUa and n', G such that 'u'nn" G then 

'/'aN = -4>-a{u). 

Remark B.7 One has r'„ = if 2a is not in 

Definition B.8 A valuation is discret if every group Fa is a discret subgroup of M. 

If {k, v) is a non-Archimedian local field there is a valuation of the root datum of B.3 
by [BT72, 6.2.3 and chapter 10]. For SL2(A;) it is given by 

and in the case of a split, semisimple A;-group by 

These valuations and the valuations considered in part 1 of this thesis are discret. 

Remark B.9 Let ^ be a valuation of RD and let A : )'M^ be a function which is 
constant on the irreducible components of For a vector v eV the family ip := \(f) + v 
defined by 

u !->■ \{a)(pa{u) + a{v) 

is again a valuation of the root datum. If A is the constant function 1, then one says 
that i/j is & translation oi (p hy v. 

Definition B.IO [BT72, 6.2.5] Two valuations are equipollent if the second is a trans- 
lation of the first by a vector of V. The group A'^ acts on the set of valuations of RD in 
the following way. If w is the element ^n{n) for some n G N one puts 

{n.(f))a{u) := <^^-i(„)(n~^'un). 

For ne N, v eV and A : $-)-M on has 

n.{X(j) + v) = X{n.(p) + ''u{n){v). 

B.2. Building of a valuated root datum 

[BT72, chapter 7] 
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B. The building of a valuated root datum 

Assumption B.ll In addition to assumption B.5 we fix a valuation (f) of RD. 

Let A be the set of valuations of RD equipollent to (f). It is an affine space over V 
and we identify A and V in choosing (p as the zero of A. The action of A'^ on the set of 
valuations of RD restricts to an action of A and it defines a map u from N to the group 
of affine automorphisms of A. Its kernel is denoted by H. The set of affine roots of $ in 
A is the collection of the closed halfspaces 

aa,k ■■= {x £ A\ a{x) + k>0},ae^,ke T'^. 

The set of affine roots is denoted by S. We put Ua^ := Ua^k For a non-empty subset S 
of A one defines 

• Us to be the group generated by the Ua where a runs over the affine roots con- 
taining S, and 

. Ps := HUs. 

The Bruhat- Tits building T of G with respect to RD and <j) is the set of equivalence 
classes of G x A under the relation 

{g, x) ~ (/i, y) if and only if there exists an n e N 

such that 

y = u{n){x) and g~^hn E P{x}- 

It is a G-set under the action on the first coordinate. A subset A' of T is said to be an 

apartment of if there is an element g of G such that A' = gA. 

This definition does not need that (p is discrete. For the description of the faces we 
assume that (p is discrete, for the description in the general case see [BT72, 7.2]. The 
faces of A are the cells of the cell decomposition given by the hyperplanes which are 
boundaries of affine roots, see [Bro89, chapter 1]. A subset S' of ^ is a face if there is a 
face S" of A and an element g of G such that S" = gS. 
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C. The enlarged building of a reductive 
group 



Assumption C.l In this section k is a non-Archimedean local field with residual char- 
acteristic different from 2. 

We follow the explaination in [BT84a, 4.2.16] The buildings introduced in [Tit79] are 

already enlarged. 

Let G be a connected afRne reductive group defined over k together with a Bruhat- 
Tits building J^. Let X*{G)k be the group of characters of G defined over k and let 
be the dual M- vector space of X*{G)k <8)^ K. The enlaged affine building of {G, T) is the 
set T xV^ equipped with the G(A;)-action 

g.{x,v) := {g.x,v + e{g)) 

where 6{g) is defined by 

Apartments and faces carry over from to J-^ in the natural way. 

Definition C.2 We say that there exists a proper enlarged building over k if X*{G)h 
is not trivial. 

We now discuss the cases where an enlarged building occurs in the case of the classical 
groups considered in this thesis. We fix a hermitian fc-datum 

{{A,V,D),p,ko,h,e,a) 

and we analyse below when X*(SU(/i))fcg or X*(U(/i)°)jfcj, are trivial. 

Theorem C.3 [BorOl, Cor. 14-2] Let G be an affine reductive group. Then the follow- 
ing conditions are equivalent. 

1. The group is semisimple, i.e. the maximal normal connected solvable subgroup 
TZiG) is trivial. 

2. The connected component equals its commutator subgroup. 

3. The center of G° is finite. 

Remark C.4 A semisimple connected group equals to its commutator subgroup which 
implies the triviality of the character group. Examples for semisimple connected groups 
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C. The enlarged building of a reductive group 

are SL„(fc), Sp2„(A;), and SO„'(A;) for n,n' >1 except n' = 2. The connectivity is seen 
using transvections and the semisimphcity foUows because these groups are generated 
by the images of connected subsets of SL2(^). By proposition 1.34 we obtain a trivial 
character group for SU(^) if a is 

• symplectic, or 

• orthogonal and md 7^ 2, or 

• unitary. 

We firstly analyse the unitary case. 

Lemma C.5 The group X*{\J{h))ko trivial if a is unitary. 
Proof: We have -D = A; by theorem 1.37. Using the isomorphism 

(Endfc(y) fc,c7®fe, k) ^ {Mm{k) X Mm{k),a) 

with 

we obtain for a feo-rational character x of that its restriction to U(/i) must be a 

power of the determinant. The involution a is conjugated to the transpostion which 
implies 

Xix) = x(cr(x)) 

for all X G U(/i). In addition ct{x) is the inverse of x for x G \J{h). Thus the only possible 
values of x on U(/i) are 1 and —1. Thus x is trivial because U(/i) is connected and U(/i) 
is Zariski-dense in U(/i) by [Bor91, 18.3]. q.e.d. 

Lemma C.6 Let a be orthogonal and assume dm = 2. There exist a proper enlarged 
Bruhat-Tits-building for SU(/i) over k if and only if d = 1 and h is isotropic. 

Before we start the proof we recall that the k-rank of a reductive connected A;-group 
is the dimension of a maximal fc-split torus. 

Proof: We have SU(/t) = Gin(^) defined over if d is one and h is isotropic, i.e. all 
characters are /c-rational and the character group is free of rank one. 

If d = 2 there is an isomorphism from SU(/i) to Gm(/c) defined over k but not over k 
because of the different fc-ranks. There is an element a G SU(/i) \ {1, —1} because SU(/i) 
is Zariski-dense in SU(/i) by [Bor91, 18.3]. The degree of D over A; is 2 and therefore the 
centralizcr of k[a] in D is k[a], especially the commutative group SU(/i) is a subset of 
k[a]. In addition k[a] is invariant under a. Thus we can apply lemma C.5 and we obtain 
that there is no polynomial multiplicative map from SU(/i) to Gm(A). 

For the last part of the proof we assume that d = 1 and SU(/i) is anisotropic. There 
is a A;-basis of V such that the Gram-matrix of h is of the form 
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and we identify A with M2{k). A short calculation shows that 

SU{h) = 1 1| \a,cek s.t. + e/c^ = l| . 

We fix square roots ^/e and i/— /• The conjugation with 

\ 2 2 / 

maps SU(^) to SU(^) where the Gram-matrix of h under the standart basis is 

(::) 

The explicit formula for the map is 



a c/ 1 I ^ ~ c\/— e/ 



\ — ce a J \ a + c\/—ej 

Thus a character of SU(/i) is of the form 



for some integer z. The inverse of (a + c^—ef) is (a — c\/—ef). If z is positive in the 
binomial expansion of (a + Cy/—ef) the coeffitient in front of \/~ef is zero because 
\/—ef ^ because h is anisotropic. Thus a fc-rational character x of SU(/i) fulfils 

X{x) = x(x"^) 

for all X G SU(/i). The density of SU(^) in SU(/i) and the connectivity of SU(/i) imply 
that X is trivial, q.e.d. 

If we summarize the two lemmas and the remark we obtain the following proposition. 

Proposition C.7 X* (SJJ (h)) ^ 1 if and only if m = 2 and d =1 and a is orthogonal 
and h is isotropic. If a is unitary there is no nontrivial k-rational character o/U(/i). 
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